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NOMENCLATURE 
Term in the approximation relationship 
for ber r(nwf/v) 
i/2 
l'erm in the approximation relationship 
for ber R(RW~/V) 1/2 
Term in the approximation relationship 
for bei r(nwf/v) 1/2 
Term in the approximation relationship 





Real-valued imaginary part of a 
complex expression 
Tube length 
Modulus of the complex expression 
composed of Kelvin's ber and bei 
functions 
Ratio of a resonant frequency to the 
fundamental resonant frequency (integer) 
rv1odulus of the complex parameter P + i(w/v) 
Total pressure at some instant 
Root-mean-square sound pressure 
3 
max Maximum pressure in a tube due to acoustic vibrations 
Reference pressure for a particular 
sound level meter lb /ft sec" m 
1brn/ft sec2 
lbm/ft sec 2 
Reference pressure defined by P = P /0.707 r mr 
Steady-state pressure distribution 
Amplitude of the transient pressure 
component 
Modulus defined by q = rp 1/2 
Modulus defined by Q = Rp 1 /2  
Radial distance from pipe center and 
radial coordinate 
Real part of complex expression 
Reynolds number 
Sound pressure level decibels 
Time sec 
O F  Air temperature 
Total radial velocity component 
at some instant 
Steady-state velocity component 
in the radial direction 
Amplitude of the transient velocity 
component in the radial direction 
Amplitude of V at a given radius 
location 1 
Total axial velocity component 
at some instant 
'mn Mean steady-flow velocity in a tube, 
defined by Vmo = ~ e v / 2 ~  
Steady-state velocity component 
in the axial direction 
Amplitude of the transient velocity 
component in the axial directton 
X Real part of an expression composed 
of complex terms 
Y Radial distance from tube wall, 
defined by y = R .- r 
Y Real-valued imaginary part of an 
expression composed of complex terms 
z Axial length and axial coordinate 
z Axial distance from tube inlet beyond 
m which effects of P on V1 are negligible 
Greek Letters 
Defined by a. = (l/p,) (apO/8z) 
P Langhaar's throughflow parameter 
Pmax Maximum negligible value of P 
r‘ Real part of an expression composed 
of complex terms 
A Real-valued imaginary part of an 
expression composed of complex terms 
rl First-quadrant argument, defined by 
q = n - ( p  
8 Angular coordinate 
@o Argument of the complex expression composed 
of Kelvin's ber and bei functions 
X Wave length of the acoustic vibrations 
P Dynamic viscosity of a fluid 
v Kinematic viscosity of a fluid 
P Density of a fluid 








CP Argument defined by cp = (q t x)/2 
Argument of the complex parameter P2 + i(w/v) 
Frequency of the acoustic vibrations 
Condition applicable to the bulk of t h ~  
tube cross-section 
Fundamental resonance condition for a 
given tube length 
Maximum value beyond which the effects 
of p on Vl are negligible 
Condition at some radial position L 
Condition at the tube wall where r = R 
Condition applicable in the domain of the 
special case where P is negligible 
Condition at tube centerline where r = 0 
v i i  
TABLE OF CONTENTS 
ACKNOWLEDGMENTS . . . . .  
NOMENCLATURE . . . . .  
L I S T  OF TABLES . . . . .  
L I S T  OF FIGURES . . . . .  
SUMMARY . . . .  
CHAPTER 
I.  INTRODUCTION . . . . . . . . . . . .  
LI. DEVELOPMENT OF THE MATHEMATICAL MODEL . . . .  
111. SOLUTION OF THE MODEL FOR THE GENERAL CASE . . 
IV. SOLUTION OF THE MODEL FOR THE SPECIAL CASE . . . . . . .  
V. RESULTS OF NUMERICAL EVALUATION . . . . . . .  . . . .  
VI .  DISCUSSION OF RESULTS . . . .  
V I  I. CONCLUS IONS AND RECOMMEND AT IONS . 
. . . . . . . . . . . . . . . . .  APPENDIX 
BIBLIOGRAPHY . 
. . . . .  VITA 
P a g e  
i i 
iii 
vi i i 
ix 
viii 
T.IST OF TABLES 
Table Page 
Results of Calculations to Determine the Domain of the 
Special Case in a Tube Four Feet Long . . . . . . . . .  
2. Values of ( v ~ ) ~ , ~  Calculated from Equation (60) ; n = 1 
3 Values of ( v ~ ) ~ , ~  Calculated from Equation (60) ; n = 2 
4. Values of ( v ~ ) ~ , ~  Calculated from Equation (60); n = 4 
Values of (V ) Calculated from Equation (60); n = 8 
1 s,O 
6 .  Calculated Values of ( v ~ ) ~ / ( v ~ ) ~ , ~  for a Tube Radius 
of 0.058 ft . . . . . . . . . . . . . . . . . . . .  
Calculated Values of (V ) / ( v ~ ) ~ , ~  for a Tube Radius 
1 s of 0.116 ft . . . . . . . . . . . . . . . . . . . .  
8, Calculated Values of ( v ~ ) ~ / ( v ~ ) ~ , ~  for a Tube Radius . . . . . . . . . . . . . . . . . . . .  of 0.174 ft 
9. Calculated Values of (U ) in a Tube with a Radius 
1 s of 0.058 ft; n = 1 . . . . . . . . . . . . . . . .  
10. Calculated Values of ( u ~ ) ~  in a Tube with a Radius 
~f 0.058 ft; n = 8 . . . . . . . . . . . . . . . .  
11. Calculated Values of ( u ~ ) ~  in a Tube with a Radius 
of 0.174 ft; n = 1 . . . . . . . . . . . . . . . .  
12. Calculated Values of (U ) in a Tube wlth a Radius 1 s of 0.174 ft; n = 8 . . . . . . . . . . . . . . . .  
3 Values of Vo Calculated by the Method of Langhaar; 
S e = 1 0 0  . . . . . . . . . . . . . . . . . . . . .  
14. Values of Vo Calculated by the Method of Langhaar; . . . . . . . . . . . . . . . . . . . . . .  Re = 1000 
15. Values of Vo Calculated by the Method of Langhaar; 
R e = 2 0 0 0 ,  . . . . . . . . . . . . . . . . . . . .  
LIST OF FIGURES 
Figure Page 
1. Schematic Representation of the Vortical Flow Cells 
Predicted by Lord Rayleigh for Particles inside . . . . . . . . . . . . . .  Resonant Acoustic Tubes 
G .  Schematic Representation of the Flow Cells Observed . . . . . . . . . . . .  by Andrade in Resonant Tubes 
3. Circulation Cells Produced in a Resonant Horizontal 
Closed Tube with a Diameter of 3/4 inch . . . . . .  
4 Flow Patterns Obtained with Smoke in a Resonant 
Horizontal Closed Tube with a Diameter of 3-11/32 inches . 
j. Schematic Representation of the Particle Vibration 
Amplitudes Observed by Meyer and ~:th (4) . . . .  
6. A Schematic Diagram of the Analytical System . . .  
7. Schematic Representation of the Positions of Velocity 
Nodes and Loops in an Open Pipe for Various Resonant . . . . . . . . . . . . . . . . . . . . .  Frequencies 
8. Schematic Diagram of the Polar Representation of the 
Complex Parameter in Equation (37 )  . . . . . . . . . . . .  
9. The Effect of Tube Radius and Throughflow Reynolds 
Number on the Scope of the Domain of the Special Case 
in a Resonant Tube Four Feet Long . . . . . . . . . .  
10. Tube Centerline Velocity for the Special Case as a 
Function of Axial Tube Position and Sound Pressure 
Level for the Fundamental Tube Frequency . . . . .  
11. Tube Centerline Velocity for the Special Case as a 
Function of Axial Tube Position and Sound Pressure 
Level for the First Harmonic Tube Frequency . . . .  
12. Tube Centerline Velocity for the Special Case as a 
Function of Axial Tube Position and Sound Pressure 
Level for the Third Harmonic Tube Frequency . . . .  
13. Tube C e n t e r l i n e  V e l o c i t y  f o r  t h e  S p e c i a l  Case a s  a  
F u n c t i o n  o f  A x i a l  Tube P o s i t i o n  and Sound P r e s s u r e  
Level  f o r  t h e  Seven th  Harmonic Tube Frequency . . . . . . .  
14. V e l o c i t y  P r o f i l e  Without Throughflow a t  a  P o i n t  i n  
t h e  Domain of  t h e  S p e c i a l  Case a s  a  Func t ion  of  
Sound F i e l d  Frequency;  R = 0.058 f t  . . . . . . .  
15. V e l o c i t y  P r o f i l e  Without Throughflow a t  a  P o i n t  i n  
t h e  Domain of  t h e  S p e c i a l  Case a s  a  Func t ion  of  
Sound F i e l d  Frequency;  R = 0.116 f t  . . . . . .  
16. V e l o c i t y  P r o f i l e  Without Throughflow a t  a  P o i n t  i 
t h e  Domain o f  t h e  S p e c i a l  Case a s  a  Func t ion  of  
Sound F i e l d  Frequency; R = 0.174 f t  . . . . . .  
17. V e l o c i t y  D i s t r i b u t i o n  a s  a  Func t ion  o f  Acous t i c  
Frequency i n  t h e  Domain o f  t h e  S p e c i a l  Case and w i t h o u t  
Throughflow; R = 0.058 f t  . . . . . . . . . . . . . .  
18. V e l o c i t y  D i s t r i b u t i o n  a s  a  Func t ion  of  Acous t i c  
Frequency i n  t h e  Domain o f  t h e  S p e c i a l  Case and w i t h o u t  
. . Throughflow; R = 0.116 f t  . . . . . . . . . . . . . . . . .  
19. V e l o c i t y  D i s t r i b u t i o n  a s  a F u n c t i o n  of  Acous t i c  
Frequency i n  t h e  Domain o f  t h e  S p e c i a l  Case and w i t h o u ~  
Throughflow; R = 0.174 f t  . . . . . . . . . . . . . . .  
20.  Comparison Between A n a l y t i c a l  and Exper imenta l  
V e l o c i t y  P r o f i l e s  Due t o  Acous t i c  V i b r a t i o n s  . . . .  
21. Schemat ic  R e p r e s e n t a t i o n  of  t h e  I n s t a n t a n e o u s  V e l o c i t y  
Vec to r s  Due t o  Acous t i c  V i b r a t i o n s  i n  a  System w i t h o u t  
. . . . . . . . . . . . . . . . . . . . . .  T h r o u g h f l o w . .  
R e p r e s e n t a t i o n  o f  I n s t a n t a n e o u s  V e l o c i t y  P r o f i l e s  Due 
t o  t h e  E f f e c t s  o f  Resonant A c o u s t i c  V i b r a t i o n s  and 
Throughflow i n  a  Tube; = 0.116 f t ,  Re = 100, n  = 2,  
and SPL = 160 db . . . . . . . . . . . . . . . . .  
R e p r e s e n t a t i o n  of  I n s t a n t a n e o u s  V e l o c i t y  P r o f i l e s  Due 
t o  t h e  E f f e c t s  o f  Resonant Acous t i c  V i b r a t i o n s  and 
Throughflow i n  a  Tube; R = 0.116 f t ,  Re = 1000, n  = 2, 
and SPL = 160 db . . . . . . . . . . . . . . . . . . . . .  
R e p r e s e n t a t i o n  of  PR a s  a  Func t ion  o f  ~ Z / R R ~  from t h e  . . . . . . . . . . . . . . . . .  R e s u l t s  o f  Langhaar (13)  
SUMMARY 
The combined effects of forced flow and acoustic vibrations on 
transport phenomena in cylindrical tubes have been of considerable 
interest in recent years. Although several prevlous studies have 
involved the experimental and analytical investigation of the effects 
of resonant acoustic fields on velocity distributions in fluids inside 
closed tubes in the absence of throughflow, no treatment of the open- 
tube system with throughflow has been reported. The investigations 
reported in the literature which involve open tubes with throughflow 
have been primarily concerned with the experimental determinat'on of 
the effects of resonant acoustic vibrations on heat transfer rates and 
mass transfer rates. However, a principal prerequisite for the analysis 
of heat and mass transport phenomena is an analytical expression for the 
velocity distribution in the system, 
The purpose of this program of research was the analytical 
investigation of the effects of acoustic field parameters on the 
velocity distribution in air inside a resonant, horizontal tube, with 
and without throughflow. The objectives of this investigation included 
the adaptation of the equations of motion to include the acoustical 
parameters, the solution of the resultant mathematical model to yield 
an expression for the velocity distribution as a function of the system 
parameters and the analysis of the results obtained from the numerical 
evaluation of this expression for various flow and acoustical conditions. 
xii 
The analytical system consisted of a cylindrical tube with, a radius 
R and a length L. A resonant acoustic field of frequency w and some 
variable sound pressure level is maintained inside the tube by a loud- 
speaker mounted at one end of the tube and connected to a sound- 
generating system. The general system included the forced flow of air 
through the tube, but a special case involving a system without through- 
flow was also considered. The system was restricted to the conditions 
that the air inside the tube has a constant density and viscosity, the 
forces in the system are symmetrical with respect to the tube axis, the 
effects due to gravity are negligible, and, for the case involving 
throughflow, laminar-flow development would take place in the absence of 
acoustical effects. 
It was assumed that the composition of the pressure and each 
velocity component may be represented as a sum of the steady-state and 
transient terms. The z-component of the Navier-Stokes equations of 
motion in cylindrical coordinates for the system subjected to these 
restrictions was reduced to a linear form by a procedure similar to that 
employed by Langhaar (~ournal of Applied Mechanics, 9, 55 - 58, 1942) in 
his analytical treatment of laminar-flow development in the entrance 
length of tubes. This procedure produced a mathematical model for the 
analytical system in terms of the instantaneous velocity in the axial 
direction due to acoustical effects V The solution to this model is 1 ' 
a complex expression which requires a time-consuming procedure to 
obtain a numerical evaluation. 
The use of complex-variable theory resulted in an analysis of 
the orders of magnitudes of the terms in the mathematical model. This 
x i i i  
a n a l y s i s  y i e l d e d  a  l e s s  compl ica ted  s o l u t i o n  a p p l i c a b l e  i n  t h e  domain o f  
t h e  s p e c i a l  c a s e  when th roughf low has  no e f f e c t  on t h e  v a l u e  of V1. The 
r e s u l t s  of Langhaar were used  t o  o b t a i n  a n  e x p r e s s i o n  which d e f i n e s  t h e  
scope  of t h e  domain of t h i s  s p e c i a l  c a s e .  The numer ica l  e v a l u a t i o n  of  
t h e  e x p r e s s i o n  f o r  t h e  scope of  t h e  domain of  t h e  s p e c i a l  c a s e  showed 
t h a t  f o r  a  t u b e  w i t h  a  l e n g t h  of f o u r  f e e t  and a  r a d i u s  g r e a t e r  t h a n  
0 .05 f t  t h e  l e s s  compl ica ted  e x p r e s s i o n  f o r  V i s  a p p l i c a b l e  over  t h e  
1 
e n t i r e  t u b e  l e n g t h  e x c e p t  f o r  a  s m a l l  r e g i o n  a t  t h e  t u b e  i n l e t .  
The e x p r e s s i o n  f o r  V f o r  t h e  domain o f  t h e  s p e c i a l  c a s e  was 
1 
combined w i t h  t h e  c o n t i n u i t y  e q u a t i o n  f o r  t h e  a n a l y t i c a l  model t o  y i e l d  
a n  e x p r e s s i o n  f o r  t h e  r a d i a l  component of v e l o c i t y  due t o  a c o u s t i c a l  
e f f e c t s  U1. The a n a l y t i c a l  e x p r e s s i o n s  f o r  V and U were n u m e r i c a l l y  1 1 
e v a l u a t e d  a t  v a r i o u s  p o i n t s  ( r , z )  i n  t h e  sys tem f o r  s e l e c t e d  v a l u e s  of  
t u b e  r a d i u s  R (0 .058,  0 .116 and 0.174 f t ) ,  r e s o n a n t  f r equency  w (865, 
1730, 3460 and 6920 r a d / s e c )  and sound p r e s s u r e  l e v e l  SPL (140,  145, 
150,  155 and 160 db) .  Corresponding v a l u e s  of U and V a t  v a r i o u s  
1 1 
p o i n t s  i n  t h e  sys tem were combined t o  y i e l d  an  i n t e r p r e t a t i o n  of  t h e  
i n s t a n t a n e o u s  v e l o c i t y  e f f e c t s  which t a k e  p l a c e  i n  t h e  sys tem i n  t h e  
absence  o f  throughf low.  The i n s t a n t a n e o u s  d i r e c t i o n s  and magni tudes  
o f  t h e  r e s u l t a n t  o f  t h e  r a d i a l  and a x i a l  v e l o c i t y  components due t o  
a c o u s t i c a l  e f f e c t s  i n  t h e  a n a l y t i c a l  sys tem a r e  g r e a t l y  i n f l u e n c e d  by 
t h e  v a l u e s  of  t u b e  r a d i u s  and t h e  f requency  o f  t h e  a c o u s t i c  d i s t u r b a n c e .  
Over t h e  r a n g e  of  v a l u e s  i n c l u d e d  i n  t h i s  i n v e s t i g a t i o n ,  i n c r e a s e s  i n  
e i t h e r  o r  b o t h  o f  t h e s e  pa ramete r s  r e s u l t e d  i n  g r e a t e r  i n f l u e n c e  on t h e  
r e s u l t a n t  v e c t o r  by t h e  r a d i a l  v e l o c i t y  component. These p r e d i c t e d  
t r e n d s  a r e  i n  agreement w i t h  t h e  e x p e r i m e n t a l  o b s e r v a t i o n s  o f  Jackson  
and Johnson (AFOSR T e c h n i c a l  Repor t  60-52, 1960)  f o r  a  c l o s e d  t u b e .  
The a n a l y t i c a l  e x p r e s s i o n  f o r  V f o r  t h e  domain of t h e  s p e c i a l  1 
c a s e  was modi f i ed  t o  y i e l d  an e x p r e s s i o n  f o r  t h e  a b s o l u t e  v a l u e  of  t h e  
v e l o c i t y  p r o f i l e  i n  t h e  a n a l y t i c a l  sys tem when t h e  resonance  r e s t r i c t i o n  
i s  removed. The numer ica l  e v a l u a t i o n  of t h i s  e x p r e s s i o n  gave good 
agreement  w i t h  e x p e r i m e n t a l  d a t a  o b t a i n e d  by Meyer and ~ : t h  ( A c u s t i c a ,  
2, 185 - 187, 1953) f o r  p r o g r e s s i v e  sound waves of approx imate ly  t h e  
same f requency  i n  t h e  r e g i o n  of  a  s o l i d  boundary.  
For  t h e  sys tem w i t h  th roughf low,  t h e  i n s t a n t a n e o u s  v a l u e s  of  t h e  
t o t a l  v e l o c i t y  component i n  t h e  a x i a l  d i r e c t i o n  were o b t a i n e d  by t h e  
combina t ion  of t h e  v a l u e s  of V a t  v a r i o u s  p o i n t s  i n  t h e  sys tem w i t h  
1 
c o r r e s p o n d i n g  v a l u e s  of  t h e  s teady-f low v e l o c i t y  component i n  t h e  a x i a l  
d i r e c t i o n  V . Values f o r  V were c a l c u l a t e d  by t h e  method of Langhaar 
0 0 
a t  p o i n t s  i n  t h e  sys tem cor respond ing  t o  t h o s e  f o r  which v a l u e s  of V 
were c a l c u l a t e d .  Reynolds numbers o f  100,  1000 and 2000 were used i n  
t h e  e v a l u a t i o n  o f  Vo.  The combinat ion of co r respond ing  v a l u e s  o f  V 
0 
and V p r e d i c t e d  a n  i n s t a n t a n e o u s  a c o u s t i c  e f f e c t  on t h e  normal 1 
laminar  boundary- layer  development which i s  p e r i o d i c  w i t h  r e s p e c t  t o  
a x i a l  p o s i t i o n  i n  t h e  sys tem.  There  a r e  no e f f e c t s  a t  t h e  t u b e  i n l e t  
and a t  v e l o c i t y  nodes,  whereas maximum e f f e c t s  occur  a t  v e l o c i t y  loops  
o t h e r  t h a n  t h e  t u b e  i n l e t .  A t  h i g h e r  v a l u e s  of Reynolds number t h p  
e f f e c t s  of  a c o u s t i c  v i b r a t i o n  on t h e  t h i c k n e s s  of  t h e  deve lop ing  
boundary l a y e r  a r e  s i g n i f i c a n t  o n l y  a t  e l e v a t e d  sound p r e s s u r e  l e v e l s .  
The v a l u e  of sound p r e s s u r e  l e v e l  below which a c o u s t i c  e f f e c t s  a r e  
n e g l i g i b l e  d e c r e a s e s  w i t h  d e c r e a s e s  i n  v a l u e s  o f  Reynolds number. T h i s  
a n a l y t i c a l  e f f e c t  i s  i n  agreement w i t h  t h e  r e s u l t s  r e p o r t e d  by s e v e r a l  
i n v e s t i g a t o r s  who have observed t h a t  a c o u s t i c  v i b r a t i o n s  have l i t t l e  o r  
no e f f e c t  on t r a n s p o r t  r a t e s  when t h e  sound p r e s s u r e  l e v e l  i s  dec reased  
below a  c e r t a i n  " t h r e s h o l d t t  v a l u e .  
Based upon t h e  r e s u l t s  of t h i s  i n v e s t i g a t i o n  it i s  recommended 
t h a t  f u r t h e r  a n a l y t i c a l  development be under taken  t o  y i e l d  an  e x p r e s s i o n  
f o r  t h e  mean v e l o c i t y  e f f e c t s  due t o  a c o u s t i c  v i b r a t i o n s .  An e x p r e s s i o n  
of  t h i s  t y p e  would be  s u i t a b l e  f o r  i n c l u s i o n  i n  t r a n s p o r t  r a t e  e q u a t i o n s .  
I n  a d d i t i o n ,  f low v i s u a l i z a t i o n  s t u d i e s  shou ld  be conducted t o  p r o v i d e  
more e x p e r i m e n t a l  o b s e r v a t i o n s  o f  t h e  e f f e c t s  of a c o u s t i c  v i b r a t i o n s  on 
boundary- layer  development.  
CHAPTER I 
INTRODUCTION 
The combined e f f e c t s  of f o r c e d  f low and a c o u s t i c  v i b r a t i o n s  on 
t r a n s p o r t  phenomena i n  c y l i n d r i c a l  t u b e s  have been of c o n s i d e r a b l e  
i n t e r e s t  i n  r e c e n t  y e a r s .  I n  t h e  a r e a  o f  h e a t  t r a n s f e r  t h i s  i n t e r e s t  
h a s  been i n t e n s i f i e d  by t h e  f a i l u r e  o f  t h e  t a i l  p i p e s  on j e t  a l r c r a f t  
and r o c k e t  eng ines  which exper ienced  c o n c e n t r a t e d  a c o u s t i c  e f f e c t s .  
Exper imenta t ion  h a s  i n d i c a t e d  t h a t  t h e s e  e f f e c t s  cause  an i n c r e a s e  i n  
h e a t  t r a n s f e r  r a t e s  which may produce f a i l u r e  of  t h e  m a t e r i a l  of which 
t h e  t a i l  p i p e s  and r o c k e t  e n g i n e s  a r e  c o n s t r u c t e d .  S i m i l a r  i n t e n s i f i -  
c a t i o n  of  i n t e r e s t  has  developed i n  t h e  p o s s i b i l i t y  of  u t i i i z i n g  
r e s o n a n t  a c o u s t i c  v i b r a t i o n s  t o  i n c r e a s e  mass t r a n s f e r  r a t e s .  The 
i m p o r t a n t  r o l e  of mass t r a n s f e r  i n  t r a n s p i r a t i o n  c o o l i n g ,  r o c k e t  nose- 
cone a b l a t i o n ,  combustion-zone i n t e r m i x i n g  and o t h e r  p h y s i c a l  o p e r a t i o n s  
of i n t e r e s t  i n  t h e  f i e l d  o f  s p a c e  t echno logy  has  c o n t r i b u t e d  t o  t h i s  
i n t e n s i f i c a t i o n  o f  i n t e r e s t .  Mass t r a n s f e r  r a t e  c o n t r o l  i s  a l s o  
i m p o r t a n t  i n  t h e  chemical  p r o c e s s  i n d u s t r i e s  where t h e s e  r a t e s  a f f e c t  
t h e  economy invo lved  i n  s u c h  p r o c e s s e s  a s  f u e l  combustion,  c a t a l y s i s ,  
homogeneous and he te rogeneous  chemical  r e a c t i o n s .  
The i n v e s t i g a t i o n s  r e p o r t e d  i n  t h e  l i t e r a t u r e  have been p r i m a r i l y  
concerned w i t h  t h e  e x p e r i m e n t a l  d e t e r m i n a t i o n  of t h e  e f f e c t s  of  r e s o n a n t  
a c o u s t i c  v i b r a t i o n s  on t r a n s p o r t  r a t e s .  The a n a l y t i c a l  a s p e c t s  of  t h e  
combined phenomena have r e c e i v e d  l i t t l e  t r e a t m e n t .  However, a  p r i n c i p l e  
p r e r e q u i s i t e  f o r  t h e  a n a l y s i s  of  h e a t  and mass t r a n s p o r t  phenomena i s  a n  
a n a l y t i c a l  e x p r e s s i o n  f o r  t h e  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  sys tem.  A 
s i g n i f i c a n t  need h a s  been c r e a t e d  f o r  t h e  development of  an a n a l y t i c a l  
e x p r e s s i o n  f o r  t h e  v e l o c i t y  of  a  f l u i d  i n  a  t u b e  i n  which a  r e s o n a n t  
a c o u s t i c  f i e l d  has  been e s t a b l i s h e d .  An e x p r e s s i o n  o f  t h i s  t y p e  can b e  
i n c o r p o r a t e d  i n t o  t h e  r e s p e c t i v e  t r a n s p o r t  r a t e  e q u s t i o n s  t o  y i e l d  
e x p r e s s i o n s  f o r  t h e  e f f e c t  o f  a c o u s t i c  f i e l d s  on h e a t  and mass t r a n s f e r  
r a t e s ,  i.n t h e  system. 
Purpose  of l h i s  Research 
The purpose  of t h i s  program of r e s e a r c h  was t h e  a n a l y t i c a l  
i n v e s t i g a t i o n  of  t h e  e f f e c t s  of a c o u s t i c  f i e l d  pa ramete r s  on t h e  v e l o c i t y  
d i s t r i b u t i o n  i n  a i r  i n s i d e  a  r e s o n a n t ,  h o r i z o n t a l  t u b e ,  w i t h  and w i t h o u t  
th roughf low.  The o b j e c t i v e s  of  t h i s  i n v e s t i g a t i o n  inc.luded t h e  adapta-  
t i o n  o f  t h e  e q u a t i o n s  o f  mot ion t o  i n c l u d e  t h e  a c o u s t i c a l  p a r a m e t e r s ,  
t h e  s o l u t i o n  o f  t h e  r e s u l t a n t  ma themat ica l  model t o  y i e l d  an e x p r e s s i o n  
f o r  t h e  v e l o c i t y  d i s t r i b u t i o n  a s  a  f u n c t i o n  of  t h e  sys tem p a r a m e t e r s ,  
and t h e  a n a l y s i s  of  t h e  r e s u l t s  o b t a i n e d  from t h e  numer ica l  e v a l u a t i o n  
o f  t h i s  e x p r e s s i o n  f o r  v a r i o u s  f low and a c o u s t i c a l  condi . t ions .  
R e l a t e d  L i t e r a t u r e  
The t e c h n i c a l  l i t e r a t u r e  which i s  o f  i n t e r e s t  i n  t h f s  i n v e s t f g a -  
t i o n  i n c l u d e s  t h e  r e p o r t s  on t h e  r e s u l t s  o b t a i n e d  i n  t w o  r e l a t e d  a r e a s  
o f  r e s e a r c h .  One of  t h e s e  a r e a s  i n v o l v e s  i n v e s t i g a t i o n s  concerned o n l y  
w i t h  t h e  s t u d y  of  r e s o n a n t  a c o u s t i c  f i e l d s .  These i n v e s t i g a t i o n s  i n c l u d e  
e x p e r i m e n t a l  and a n a l y t i c a l  d e t e r m i n a t i o n s  of  t h e  r e s o n a n t  f i e l d s  
e s t a b l i s h e d  i n s i d e  t u b e s  and around s o l i d  o b j e c t s ,  and t h e y  p r o v i d e  h 
b a s i c  u n d e r s t a n d i n g  o r  i n t e r p r e t a t i o n  o f  t h e  r e s o n a n t  a c o u s t i c  phenomena. 
The other area involves studies of the effects of acoustic fields on 
transport rates in fluids by natural and forced convection. The results 
of the studies in this latter area of research show the importance of 
continued investigation to determine the mechanism of the resonant 
acoustical effects. 
Resonant acoustic fields.--One of   he earliest experimental studies of 
resonant acoustic fields inside tubes was performed by Kundt. His method 
of establishing field patterns with dust particles inside tubes by reso- 
nating the tubes has been used for many years in physics courses to 
demonstrate sound fields. An analytical treatise by Lord Rayleigh (1) 
contains the development of an expression for the velocity distribution 
which is established in Kundt's tubes and which results in the observed 
effects. In the same study, Lord Rayleigh considered a system in which 
the fluid is considered to be compressible and the motion takes place in 
a two-dimensional system. Simplifications of terms in the applicable 
Navier-Stokes equations were made and these resulted in a first approx- 
imation to the actual mathematical model for the system. The solution 
to the approximate model in terms of the velocity distribution was 
adapted for a tube of revolution and yielded the vortical flow pattern 
shown in Fig. 1. This analysis predicted that particles under the 
influence of resonant acoustic fields inside tubes would flow in a 
circulatory manner from the nodes in the sound field to the loops 
(antinodes) and return to the nodes, obeying continuity and axial 
symmetry. 
A study involving experimental work was conducted by Andrade ( 23 .  
An acoustically resonant glass tube with a small diameter was filled 
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Figure 1. Schematic Representation of the V o r t i c a l  Flow Cells 
Predicted by Lord RayLeigh for Particles I n s i d e  
Resonant Acoustic Tubes. 
w i t h  smoke and s e a l e d  a t  t h e  end o p p o s i t e  t h e  loud-speaker  sound s o u r c e .  
Under t h e  i n f l u e n c e  of t h e  a c o u s t i c  f i e l d  t h e  smoke p a r t i c l e s  flowed i n  
t h e  c i r c u l a t o r y  manner p r e d i c t e d  by Rayle igh.  A schemat ic  r e p r e s e n t a t i o n  
o f  t h e  f low c e l l s  photographed by Andrade i s  shown i n  F ig .  2, 
I n  a  r e c e n t  i n v e s t i g a t i o n  a t  t h e  Georgia  I n s t i t u t e  of Technology, 
Jackson  and Johnson (3 )  s t u d i e d  t h e  v a r i o u s  pa ramete r s  which a f f e c t  t h e  
n a t u r e  of  t h e  f low c e l l s  obse rved  by Andrade. Smoke f low p a t t e r n s  s i m i l a r  
t o  t h o s e  observed by Andrade were produced and photographed i n  a  t u b e  
hav ing  an i n s i d e  d i a m e t e r  of 3/4 Inch.  Samples of  t h e  pho tograph ic  
s t u d i e s  of t h i s  t y p e  of f low p a t t e r n  f o r  two d i f f e r e n t  f r e q u e n c i e s  a r e  
shown i n  F i g .  3. The d i r e c t i o n s  of  f low and t h e  r e l a t i v e  o r i e n t a t i o n  
of  t h e  c e l l s  a r e  t h e  same a s  t h o s e  shown s c h e m a t i c a l l y  i n  F i g ,  2. The 
i n v e s t i g a t o r s  were u n a b l e  t o  o b t a i n  t h i s  t y p e  of  f low i n  t u b e s  of  l a r g e r  
d i a m e t e r .  Flow t y p e s  f o r  t h e  l a r g e r  d i a m e t e r  t u b e s  d i s p l a y e d  more ran-  
dom t u r b u l e n t  motion and l e s s  a x i a l  symmetry. T y p i c a l  r e s u l t s  of  t h e  
pho tograph ic  s t u d i e s  of t h e  f low i n  t h e  t u b e s  of  l a r g e r  d i a m e t e r  a r e  
shown i n  F ig .  4.  I n  a l l  t h e s e  i n v e s t i g a t i o n s  i t  i s  a p p a r e n t  t h a t  var-  
i o u s  modes of p a r t i c l e  c i r c u l a t i o n  t a k e  p l a c e  and it seems f e a s i b l e  t o  
assume t h a t  t h e s e  c i r c u l a t i o n s  cou ld  a f f e c t  t r a n s p o r t  r a t e s  between t h e  
circulating medium and t h e  t u b e  w a l l .  S i m i l a r  c i r c u l a t o r y  mot ions  a r e ,  
o f  c o u r s e ,  r e s p o n s i b l e  f o r  t h e  i n c r e a s e d  the rmal  r a t e  e f f e c t s  a t t r i b u t e d  
t o  n a t u r a l  c o n v e c t i o n  h e a t  t r a n s f e r .  
Meyer and ~ : t h  ( 4 )  r e p o r t e d  t h e  r e s u l t s  of an e l a b o r a t e  exper-  
i m e n t a l  i n v e s t i g a t i o n  i n  which t h e y  v i s u a l l y  s t u d i e d  t h e  a c o u s t i c  v i s c o u s  
boundary l a y e r  f o r  sound waves i n  a i r  n e a r  a  r i g i d  s u r f a c e .  Smal l  d r o p s  
of  o i l  from a  s p r a y e r  were i n t r o d u c e d  i n t o  t h e  a c o u s t i c  f i e l d  i n s i d e  a  tube. 
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Figure 2. Schematic Representation of the Flow Cells Observed 
by Andrade in Resonant Tubes. 
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Figure 3. Circulation Cells Produced i n  a Resonant Horizontal 
Closed Tube with a Diameter of 3/4 Inch. 
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Figure  4 .  Flow P a t t e r n s  Obtained wi th  Smoke i n  a  Resonant Hor izonta l  
Closed Tube w i t h  a  Diameter of 3-11/32 Inches .  
The v e r t i c a l  p o s i t i o n  of  t h e  i n d i c a t o r  d rops  was c o n t r o l l e d  by t h e  a c t i o n  
o f  an e x t e r n a l  e l e c t r i c  f i e l d  on t h e  charged o i l  p a r t i c l e s .  By u s i n g  an 
a r c  l i g h t  s o u r c e  and a  synchron ized  l i g h t  beam i n t e r r u p t e r ,  t h e  movement 
o f  t h e  o i l  d rops  was observed a t  v a r i o u s  v e r t i c a l  d i s t a n c e s  above a  s o l i d  
boundary. During a  t y p i c a l  exper iment ,  r e s u l t s  s i m i l a r  t o  t h o s e  r e p r e s e n t e d  
s c h e m a t i c a l l y  i n  F ig .  5 were observed.  The p a r t i c l e  ampl i tude  of v i b r a t i o n  
was e s s e n t i a l l y  c o n s t a n t  beyond t h e  narrow r e g i o n  n e a r  t h e  s o l i d  s u r f a c e .  
A s  t h e  d r o p s  moved n e a r e r  t h e  s o l i d  s u r f a c e  t h e  i n f l u e n c e  of  t h e  v i s c o u s  
boundary l a y e r  produced a  r e d u c t i o n  i n  t h e  ampl i tude  of t h e  p a r t i c l e  
o s c i l l a t i o n s .  The v e l o c i t y  ampl i tude  of  t h e  p a r t i c l e s  i n  t h i s  v i c i n i t y  
d i m i n i s h e d  g r a d u a l l y  a t  f i r s t  and t h e n  moved r a p i d l y  t o  z e r o  a s  t h e  
p a r t i c l e s  approached t h e  s o l i d  s u r f a c e .  The ampl i tudes  obse rved  i n  t h i s  
boundary l a y e r  had t h e  form of  an  e x p o n e n t i a l l y  decay ing  o s c i l l a t i o n  a s  
a  f u n c t i o n  of  d i s t a n c e  from t h e  s o l i d  s u r f a c e .  The e x p e r i m e n t a l  r e s u l t s  
o b t a i n e d  i n  t h i s  i n v e s t i g a t i o n  agreed w i t h  t h e o r e t i c a l  d e d u c t i o n s  r e p o r t e d  
by Cremer ( 5 ) .  
Other  s t u d i e s  have been conducted t o  i n v e s t i g a t e  t h e  a c o u s t i c  
f i e l d s  s u r r o u n d i n g  v a r i o u s  b o d i e s .  A summary of  t h e  r e s u l t s  o f  s e v e r a l  
i n v e s t i g a t i o n s  of  t h i s  t y p e  i s  g i v e n  i n  a  r e p o r t  by Holman and Mott- 
Smith  ( 6 ) .  
E f f e c t s  of a c o u s t i c  f i e l d s  on t r a n s p o r t  r a t e s . - - I t  i s  p o s s i b l e  t o  o b t a i n  
an  u n d e r s t a n d i n g  of  some of  t h e  g e n e r a l  e f f e c t s  produced by superposed  
sound and h e a t  from t h e  r e s u l t s  r e p o r t e d  by Kubanskii. (7, 8, 9 ) .  Th i s  
i n v e s t i g a t o r  s t u d i e d  t h e  e f f e c t s  of  a c o u s t i c  v i b r a t i o n s  from e i g h t  t o  
t h i r t y  k i l o c y c l e s  i n  f r equency  on n a t u r a l - c o n v e c t i o n  h e a t  t r a n s f e r  from 
a  h e a t e d  h o r i z o n t a l  t u b e  immersed i n  t h e  sound f i e l d .  I n  t h e s e  
rigure 5. Schematic Representation of the Particle Vibration 
Amplitudes Observed by Meyer and ~ S t h  (4). 
experiments, Kubanskii generated a high-intensity sound field around the 
cylinder with a Hartman vibrator, converting its emissions into a parallel 
beam with a parabolic reflector. The cylinder was a smooth brass calorim- 
eter tube equipped with an electric heater. Smoke stream studies permitted 
a qualitative determination of the sound field, and quantitative data were 
obtained on the actual effects of the sound field on heat transfer from 
the cylinder. The heat transfer coefficients for natural convection from 
the heated cylinder were observed to increase by a factor of two or more 
when standing waves existed around the heated cylinder. The increase was 
found to be more significant for free convection than for forced convection. 
Jackson, Harrison and Boteler (10) performed experiments with a 
vertical, heated tube through which air was forced at low values of 
Reynolds number. The system was calibrated without sound to determine 
the range of the heat transfer coefficients encountered with only fren 
and forced convection heat transfer effects in the tube. Once the 
system was calibrated, a resonant acoustic field was established i r l  
the tube with a speaker driver and horn connected to an audio oscillator 
and amplifier. Quantitative data included measurements of heat transfer 
coefficients obtained with free- and forced-convection and acoustic 
vibration effects, frequencies of the sound field, and sound pressure 
level values in the plenum chamber at the entrance to the vertical 
column. The speaker driver and horn were mounted in this entrance 
plenum chamber. To prevent any distortion in the sound field inside 
the tube during a data run, no sound pressure level measurements were 
made during these experiments. It was observed that little or no 
effect was produced on the heat transfer rates at chamber sound pressure 
levels below 118 decibels. Above this threshold value, steady increases 
in the heat transfer coefficients occurred with increases in sound 
pressure levels. Similarity and empirical considerations resulted in 
an expression for the Nusseit number as a function of Reynolds number, 
Graetz number, sound pressure level and vibration frequency. This 
expression correlated the experimental data within +16 per cent. 
The results obtained in the investigation just described formed 
the basis for recent investigations reported by Spurlock, et al., (11) 
and Jackson, et al., (12). The results reported in both of these 
references were obtained successively on the same experimental system 
which consisted of a horizontal double-pipe heat exchanger equipped 
with chambers for the collection and measurement of condensate. The 
condensate resulted from the heat transfer between saturated steam in 
the annular space and air flowing through the inner tube. Compartments 
in the condensate chamber provided local incremental measurements of 
the condensate formation rate and permitted the determination of local 
heat transfer rates and heat transfer coefficients. The system was 
calibrated without the effects of sound as in the case for the earlier 
vertical. system. After the completion of the calibration tests, the 
tube was acoustically resonated by a speaker driver mounted at one 
end of the tube and connected to a sound generating system. Heat 
transfer rates were determined from measurements recorded at various 
sound pressure levels, frequencies and air flow rates, These rate 
values and their respective associated heat transfer coefficient 
values were compared with the calibration rates and coefficients 
obtained at corresponding values of Reynolds number. It was observed 
that the sound field produced a periodic effect on the local heat transfer 
coefficients yielding maximum values at velocity nodes. The loop and 
nodal locations in the tube were determined from resonance theory for 
open pipes. The maximum observed increase in the local Nusselt number 
over the no-sound calibration value was 260 per cent at a sound pressure 
level of 162.5 decibels. At this same sound pressure level a maximum 
decrease of 71 per cent was obtained. No fundamental analysis was 
produced in this study but the data were correlated by a semi-empirical 
expression derived by a technique of superposition of forces. 
CHAPTER T '  
DEVELOPMENT OF THE MATHEMATICAL MODEL 
The analytical system for which a mathematical model is derived in 
this chapter is shown schematically in Fig. 6. The boundary for the system 
is the inside wall of a cylindrical tube of radius R and length L. A 
resonant acoustic field of frequency w and some variable sound pressure 
level is maintained in the tube by the loudspeaker and its associated 
sound generating apparatus. Any point of position inside the tube can be 
described in terms of the cylindrical coordinates r, z, and 8, as shown 
in Fig. 6. The general system includes the forced flow of air through 
the tube. A special case involving a system without throughflow was also 
studied and will be considered later. 
The following initial restrictions were imposed upon the analytical 
system: 
a. The density and the viscosity of the air inside the tube are 
constant. 
b. The forces in the system are symmetrical with respect to the 
z-axis. 
c. The effects due to gravity are negligible. 
d. The Reynolds numbers based upon the mean velocity of the 
throughflow of air in the system without any acoustical effects are well 
within the laminar flow regime. 
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Figure 6 .  Schematic Diagram of the Analytical System. 
2 
e. a v/8z2 is negligible such that the derivative of the normal 
stress is the same as the pressure gradient i.n the z-direction in an 
incompressible fluid. 
These restrictions are common to model developments for fluia 
systems and they reduce the z-component of the Navier-Stokes equations of 
motion in cylindrical coordinates to the form 
Since U and V represent the total velocity components in the r- 
and z-directions, respectively, then both nust be composed of steady- 
state and transient terms. If it is assumed that the composition of the 
pressure and each velocity component may be represented as a sum of the 
steady-state and transient terms, expressions for U, V and P can be 
written in the forms 
iwt u = u  + u  
0 le , 
iwt 
V = V  +Vle . 
and 
iwt 
P = P  + P l e  . 
0 
In Equations (2) and ( 3 ) ,  Uo and Vo are the steady-state velocity 
components and are functions of r and z only. Similarly, U1 and V1 are 
the amplitudes of the transient velocity components and they, too, are 
expressed as function of r and z only. In Equation ( A ) ,  Po is the 
steady-state pressure distribution and is assumed to be a function or 
z alone. P is the amplitude of the.transient pressure component and is 1 
also assumed to be a function of z alone. In Equations (2), ( 3 ) ,  and ( 4 ) ,  
w is the frequency of the resonant acoustic vibrations which propagate 
the transient terms in these equations. 
A procedure similar to that developed by Langhaar (13) was employed 
to reduce Equation (1) to a more linear form. The additional restrictions 
required in this development are: 
f. At the tube inlet (z = 0), V is a function of time only and 
at any instant is constant across the inlet cross section. 
g. The pressure gradient - a~/az is a function of z alone. 
h. The term (U + (V av/az) may be approximated by the 
2 
expression vp V, where p is a function of z alone. 
Langhaar showed that the approximation made in this last restriction 
holds, for the case of steady flow, at all points except those in the 
developing boundary layer. For the case of unsteady flow, irrespective 
of the value of p ,  this approximation is satisfied at the tube inlet and 
at the tube wall. In addition, this approximation provides for any 
interdependencies among the steady-state and transient terms neglected 
by Equations (2) and (3). 
The substitution of the approximation 
into Equation (1) and rearrangement of the resultant expression yields 
The appropriate partial derivatives of V and P required in Equation 
(5) are obtained from Equations (3) and (4). These are 
av - iwt = iwV, e 9 
and 
When these expressions are substituted into Equation ( 5 3 ,  the 
resultant relationship after rearrangement is 
The expression in terms of V and Po on the left side of 
0 
Equation (6) is identical with the equation of motion for steady flow 
as expressed by Langhaar in the form 
When Equation (7) is substituted into Equation ( 6 ) ,  the result is 
an expression for the equation of motion in terms of V and P1, including 1 
2 
the interdependency term P V in the form 1 ' 
Equations ( 3 ) ,  (7) and (8) together provide a complete mathe- 
matical modei for the analytical system shown in Fig. 6, subject to the 
eight restrictions upon which the development in this chapter is predicated. 
The work of Langhaar provides a solution to Equation (7) and permits the 
calculation of Yo, the steady-state velocity component in Equation (31, 
for any point (r, z) in a tube having a prescribed radius R and through 
which air flows at a prescribed Reynolds number based upon the mean 
velocity of the forced flow in the tube. An outline of Langhaar's 
solution development for Equation (6) and a summary of his numerical 
results are included in the Appendix. A solution to Equation (8) is 
the only additional requirement in Equation (3) for a complete deter- 
mination of the z-component of velocity. The structure of Equation (8) 
indicates that there are two important cases which must be considered 
in the development of a solution to obtain an expression for V The 
1 ' 
first case is the general condition at points in the analytical system 
where the effects of p cannot be neglected. The probable complexity of 
the solution for this case suggests a limitation to the practical 
usefulness of the resultant expression for V. which might be severe. I 
The second case includes the points in the system where the effects of 
p become negligible. Aithough the latter case probably offers the less 
complex solution, the practical usefulness of its solution depends upon 
the scope of application of the resultant expression for V 
1" 
CHAPTER III 
SOLUTION OF THE MODEL FOR THE GENERAL CASE 
An u n d e r s t a n d i n g  of  t h e  v a r i a t i o n  of  v e l o c i t y  and p r e s s u r e  a s  
f u n c t i o n s  of a x i a l  l o c a t i o n  i n  an a c o u s t i c a l l y  r e s o n a n t  t u b e  i s  p rov ided  
by t h e  e s t a b l i s h e d  t h e o r y  f o r  open o rgan  p i p e s  i n  r esonance .  The wave 
l e n g t h  X f  f o r  t h e  fundamental  r e s o n a n t  f r equency  of an open o rgan  p i p e  
i s  e q u a l  t o  t w i c e  t h e  l e n g t h  of t h e  p i p e .  Resonance w i l l  a l s o  be  pro- 
cuded by a l l  t h e  harmonics of t h i s  fundamental  f r equency  w f ,  o r  a t  any 
nu where n  i s  any i n t e g e r .  P o i n t s  o f  maximum p a r t i c l e  d i s t u r b a n c e  
f ' 
and maximum v e l o c i t y  e f f e c t s  a r e  e s t a b l i s h e d  a t  t h e  two open ends of  t h e  
p i p e  and a t  p o i n t s  between t h e  ends such  t h a t  t h e  s p a c i n g  i n t e r v a l  
between s u c c e s s i v e  loops  i s  ~ / 2 .  The v e l o c i t y  v e c t o r s  a t  s u c c e s s i v e  
l o o p s  a r e  d i r e c t e d  180 d e g r e e s  o u t  of  phase .  The p o i n t s  which a r e  h a l f  
t h e  d i s t a n c e  between success i .ve  loops  a r e  termed nodes and a r e  l o c a t i o n s  
a t  which t h e  p a r t i c l e s  remain u n d i s t u r b e d  by t h e  a c o u s t i c  waves. The 
v e l o c i t y  due t o  a c o u s t i c  v i b r a t i o n s  a t  t h e s e  noda l  p o i n t s  i s  z e r o .  
P r e s s u r e  e f f e c t s  a r e  9 0  d e g r e e s  o u t  o f  phase  w i t h  t h e  v e l o c i t y  e f f e c t s  
such  t h a t  a  v e l o c i t y  l o o p  i s  a I tp ressure  nodeft and a  v e l o c i t y  node i s  a 
" p r e s s u r e  loopf1.  
A schemat ic  diagram of  t h e s e  e f f e c t s  i s  shown i n  F i g .  7. The 
f requency  o f  t h e  v i b r a t i o n s  de te rmines  t h e  number o f  loops  and nodes 
i n  t h e  t u b e ,  As an example of  t h i s  f a c t ,  F ig .  7 shows t h a t  t h e  fun- 
damental  f requency o f  t h e  t u b e ,  o r  where n  = 1, produces  two l o o p s  and 
one node s i n c e  t h e  l e n g t h  of  t h e  t u b e  i s  X /2. I n  t h i s  c a s e  and f o r  
f  
NODE L = ~2 -4 
LOOP LOOP 











b. FIRST HARMONIC TUBE FREQUENCY, n = 2. 
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c. SECOND HARMONIC TUBE FREQUENCY, n = 3. 
Figure 7. Schematic Representation of the Positions of Velocity Nodes 
and Loops in an Open Pipe for Various Resonant Frequencies. 
all odd values of n, the velocity vectors at the tube ends are out of 
phase. For the case of resonance produced by the first harmonic frequency, 
or where n = 2, the length of the tube is now equal to the wave length of 
the sound waves such that three loops and two nodes are produced. In 
this case and for all. even values of n, the velocity vectors at the tube 
ends are in phase. 
Although the theory for open organ pipes designates the open ends 
as true velocity loops, this designation Ts not strictly correct. There 
is actually an escape of some of the sound energy at each reflection. 
This escape of energy excites the air beyond the open ends causing the 
"effectiveR length of the pipe to be somewhat greater than the actual 
length. For pipes whose lengths are considerably greater than their 
diameters, this departure from theory is not sufficiently significant to 
be of practical importance at relatively low sound-field frequencies. 
For this reason, the theoretical loop and node geometries were employed 
in the development described in this chapter. 
The results of this analysis suggest that the velocities and 
pressures due to the resonant acoustic vibrations can be expressed as 
periodic functions of axial location in the form 
and 
I -  = iPmax sin (n~z/~)- 
In Equation ( 9 ) ,  v is the amplitude, or the maximum value of V at a 
1 
given radius location, and is a function of the radial position r alone. 
In Equation (lo), P is the maxirnum pressure in the tube due to the 
max 
acoustic vibrations and is constant for all r and z values. Equation (10) 
yields the expression 
aP1 
i n.rr 
- - -  - a z L 'max cos (nnz/~). 
The parameter P can be measured by means of a sound level meter 
max 
which indicates the pressure resulting from the acoustic vibrations 
above a reference pressure level. The meter reading is in decibels. The 
measured value is termed the sound pressure level (SPL) and is defined by 
Peterson and Beranek (14) as 
P SPL = 20 log - 9 
'mr 
where P is the reference pressure for the particular sound level meter mr 
and P is the root-mean-square sound pressure in the same pressure units 
as P Then, since mr 
for a given sound measurement, the relationship between P in Equation 
max 
(11) and a measured value of SPL is 
( 0 . 7 0 7 ) ~ ~ ~ ~  
SPL = 20 log 
Therefore, 
or, letting 
P P =  m r ,  r 
0.707 
P - 2 r e  
s PL/~. 68 
max 
The substitution of Equation (12) into Equation (11) yields 
The result of the combination of Equations (8), ( 9 ) ,  and (13) is 
For all values of cos (n.rcz/~) except zero, Equation (14; ,,lay be simplified 
to the form 
2 - 2 inx ~~~/8.68 a + lh - (iu/v + p )" = - P e 
ar2 r ar rcL r 
A particular solution f o r  Equation (15) is 
where 
The complementary equation 
h a s  t h e  form of t h e  B e s s e l  e q u a t i o n  of  z e r o  o r d e r  w i t h  a complex 
pa ramete r .  The o n l y  s o l u t i o n  f o r  t h i s  e q u a t i o n  which i s  f i n i t e  a t  r = 0 
i s  
The complex pa ramete r  i n  Equa t ion  (18) may be expressed  a s  
iJ' p2  + iw/v = p e , 
where 
and 
-1 I =  t a n  (u/P2v) . 
Then 
The e n t i r e  argument of  t h e  B e s s e l  f u n c t i o n  i n  Equa t ion  ( 1 8 )  may 
now be e x p r e s s e d  i n  t h e  p o l a r  complex form 
where 
and 
The substitution of Equation (19) into Equation (18) yields the 
complementary solution for Equation (15) in the form 
The general solution for Equation (15) may now be written as 
The substitution of the boundary condition that v = 0 at r = R into 
Equation (21) together with the representation Rp1/2 = Q gives 
The combination of Equations (21) and (22) results in the expression 
Values for the expression J with complex argument have been 
0 
tabulated by the National Bureau of Standards (15). The values are 
expressed in the form @ +  id where @, is the real part and M is the real- 
valued imaginary part of the evaluation. Tabulated entries are included 
for values of q from zero to ten and for values of cp in the first 
quadrant. Since expressions for this Bessel function for values of c$ 
in the second quadrant will be of interest in the use of Equation (23), 
t h e  c o n v e r s i o n  e x p r e s s i o n  g i v e n  i n  t h e  N a t i o n a l  Bureau o f  S t a n d a r d s  t a b l e s  
i s  o f  v a l u e ,  T h i s  e x p r e s s i o n  i s  
i 7 where 7 i s  an  a n g l e  i n  t h e  f i r s t  q u a d r a n t  f o r  which v a i u e s  o f  J ( q e  9 
0 
a r e  t a b u l a t e d  and y = x - 7 .  T h e r e f o r e  7  = T - y. For  Va lues  o f  q  
g r e a t e r  t h a n  t e n ,  an  a p p r o x i m a t i o n  fo rmula  o b t a i n e d  from t h e  a s y m p t o t i c  
s e r i e s  f o r  J ( 2 )  may be  u s e d .  An e x p r e s s i o n  o f  t h i s  t y p e  i s  g i v e n  by 
0 
McLachlan ( 1 6 )  i n  t h e  form 
J ( q e i 7 )  = (2/nqei')1/2 c o s  ( q e  
0 
i q  - ~ / 4 )  ( 2 5  
E q u a t i o n  ( 2 5 )  may a l s o  be  e x p r e s s e d  i n  t h e  form g i v e n  i n  t h e  
N a t i o n a l  Bureau o f  S t a n d a r d s  t a b l e s ,  o r  
where 
- x / 4 )  c o s h  ( q  s i n  51) ]  - ( s i n  51/2)[sin ( q  c o s  q  
- n / 4 )  s i n h  ( q  s i n  rl )I} ? 
and 
E P ( ~ , ~ )  = - (2/nq)1/2{(cos 7 / 2 ) [ s i n  ( q  c o s  7 ( 2 8 )  
- ~ / 4 )  s i n h  ( q  s i n  + ( s i n  51/2) [cos  ( q  c o s  q 
- 4/4) c o s h  ( q  s i n  7)]} . 
I n  Equa t ions  ( 2 6 ) ,  ( 2 7 )  and (28)  a s  i n  Equa t ion  ( 2 4 ) ,  R ( q 9 ~ )  i s  
rrle r e a l  p a r t  of t h e  e x p r e s s i o n  f o r  J (qe iq )  and d ( q , l )  i s  t h e  r e a l -  
0 
v a l u e d  imaginary  p a r t .  Equa t ion  ( 2 4 )  may a g a i n  be used  t o  o b t a i n  an 
e x p r e s s i o n  f o r  J (qeim) from Equa t ions  ( 2 7 )  and ( 2 8 )  i n  t h e  form 
0 
s u c h  t h a t  
The s u b s t i t u t i o n  o f  Equa t ions  ( 2 4 )  and ( 2 9 )  i n t o  Equa t ion  ( 2 3 )  
r e s u l t s  i n  t h e  e x p r e s s i o n  
which can  be reduced to t h e  form 
where 
and 
The fact that 
permits a further simplification of Equation (30 )  to 
where 
7C lI 
X = r cos (- 2 - $) - A sin (- 2 - It) 
and 
7C 7C 
- A cos (2 - )) + r sin (- - I) . 2 
The complete expression for V is obtained by the combination of 1 
Equations (9) and (31) which yields 
a1 v = - (X + i Y) cos (=) . 
1 P  L 
The condition for acoustic resonance to be preserlL in the system 
requires that 
in Equation ( 3 4 ) .  By including Equation (35 )  and the definitions of al 
and p in Equation ( 3 4 ) ,  an expression is obtained for V as a function of 1 
the important flow and acoustic parameters which exist in the general 
case described in Chapter I? This expression is 
nnt, e , 
r nnz v = 1 1/2 (X + i Y) cos (I) . (36) 
The numerical evaluation of this solution for the general case is 
time-consuming due to the expressions for X and Y given in Equations (32) 
and (33) which, in addition, depend upon the relationships given in the 
expressions for r and A. This fact verifies the prediction made in 
Chapter I1 relating to the probable complexity of the solution for the 
general case. A need was thereby established for the investigation of 
the special case where the effects of P may be considered negligible. 
This suggested a study not only to obtain a less complicated expression 
for V but also to determine the scope of the domain in the system defined 1 
by the special case. 
CHAPTER IV 
SOWTICtd OF THE MODEL FOR THE SPECIAL CASE 
The domain of application.--The determination of the scope of the domain 
in the analytical system defined by the special case where the effects of 
p may be considered negligible resulted from the consideration of complex- 
variable theory. The complex parameter in Equation (18) was represented 
in polar form in Chapter I11 as 
where p is the absolute value of the complex parameter, or 
and $ is the vector angle of the radius vector p, or 
-1 I =  tan (w/p2v) . 
The relationships expressed in Equations (37), (38) and (39) are represented 
schematically in Fig. 8. From this representation it can be seen that 
the condition for which P becomes negligible in the complex parameter is 
defined when the angle If approaches a value of n/2 such that the projection 











p 2 = p  cos + 
Figure 8. Schematic Diagram of the Polar Representation of 
the Complex Parameter in Equation (37). 
From a consideration of orders of magnitude in Equation ( 3 8 ) ,  the condition 
specified in Equation (40) will be satisfied, for all practical purposes, 
when 
This fact becomes more apparent when Equations (39) and (41) are combined 
to give 
and 
sin 9 = sin (890 261) = 0.99995 0 
Then 
u/v = p sin \Ir = 0.99995 p , 
such that Equation (40) is satisfied within tolerable limits of 
approximation. 
Equation (41) and the results of Langhaar which are summarized in 
the Appendix provide a method for the determination of the domain in a 
particular system in which the effects of P may be considered negligible. 
This method requires the specification of the tube length, tube radius, 
throughflow Reynolds number, mean air temperature and n for the resonant 
acoustic field in the tube. The tube length, mean air temperature and 
n provide values for w and v in Equation (41) from which a maximum 
negligible value of P can be calculated. The combination of this value 
of p and the specified values of tube radius and Reynolds number with 
Langhaar's results yie1.d~ the value of tube length z beyond which the 
effects of p are negligible fn the analytical model, A particular 
numerical example of this procedure for the determination of the domain 
of the special case is given in Chapter Vo 
The solution deveio~ment.--In the domain of the special case where P 
becomes negligible with respect to w/v, Equation (18) reduces to 
which can be written 
From the definition of Kelvin's ber an.d bei functions 
J i32r(w/v)12 = ber ( v ) ' ~  + i bei r(w/v) 112 
0 
The ber and bei functions can be expressed in the more convenient polar 
form such that 
where 
and 
(0 ) = tan 
0 r ber r(u/v) 
For this special case, Equation (16) can be written 
which reduces to 
The combination of Equations (42), (43) and (46) yields the general 
solution for the special case of negligible P in the form 
where the subscript s refers to the special case. The substitution of 
the boundary condition that v = 0 at r = R into Equation (47) gives 
where 
2 M~ [R (w/v ) 1/2] = [ber R (w/v ) + bei2Fi (w/v ) 
and 
-1 bei R(w/v) 
(8 ) = tan 
O R [ ber R(W/V) 
The combination of Equations (47) and (48) gives 
The angle ( @  o ) r - (@o)R is the phase of the ratio Mo [r(w/~)~'~]fM~[R(w/v) 
at any radius r relative to the ratio at the tube wall where r = R. 
The complete expression for ( v ~ ) ~  is obtained by the combination 
of Equations ( 9 ) ,  (35) and (49) which yields 
- ~ ~ [ r ( n u ~ / v ) ~ / ~ ~  i { ( ~ ~ ) ~  - (o~)~} 
( v ~ ) ~  - f[Mo [R f/v ) . e  
- 1 cos (n~z/~). (50) I 
When the definition of a is included, the significant real part c 1 
Equation (50) becomes 
- 1 cos ( n ~ z / ~ )  . I 
The numerical evaluation of Equation (51) is much less tedious 
and complicated than the evaluation of Equation (36). This fact gives 
greater practical significance to Equation (51) in the domain of its 
application. For purposes of numerical evaluation of Equation (51), 
the M ratio can be written in the form 
0 
2 2 
Mo [r(nwf/v) 1/21 - b e r r ( n u f / v ) 1 / 2 t b e i r ( n u f / v )  
2 nu f /V )'j2] [ber2i(n~f/v)1'2 t bei ~ ( n u ~ / v )  
which can be evaluated with greater facility. Values for ber and bei 
functions which have arguments less than ten are tabulated by McLachlan 
(16) who, in addition, gives approximation relationships for ber and bei 
functions whose arguments are greater than ten. These approximation 
relationships, when expressed in terms of the arguments of the Bessel 
functions in Equation (52) take the forms 
oer r(nwf/v) Ar ' 
where 
A = sin [40.514 r(nuf/v) 
r 
+ 67.51 O 
+ 1 1/2 sin (40.514 r(n~~/v)'/~ + 22.51 , 




= sin [40.514 r(nwf/v)1'2 - 22.51 
+ 1 
1/2 
sin [40.514 r(nwf/v) - 67.51' . 
8r(nu,/v) 
The combination of Equations (45), (53) and (55) yields the expression 
-1 
@ (r) = tan ( B ~ / A ~ )  
0 
for values of r(nwf/v)ll2 greater than ten. 
A very important additional value of the expression for (V ) 1 s 
expressed in Equation (51) arises from the fact that the domain of the 
s p e c i a l  c a s e  i n c l u d e s  t h e  e n t i r e  a n a l y t i c a l  sys tem under  c o n d i t i o n s  of  no 
th roughf low.  I n  t h e  absence of throughf low,  P and Vo become z e r o  and 
Equa t ion  ( 5 1 )  becomes an e x p r e s s i o n  f o r  t h e  e n t i r e  v e l o c i t y  e f f e c t s  i n  
t h e  sys tem.  Although t h e  i n v e s t i g a t i o n s  of  Rey le igh  (l), Andrade ( 2 ) ,  
Jackson  and Johnson ( 3 )  and Meyer and ~ G t h  ( 4 )  p e r t a i n  t o  c losed- tube 
sys tems ,  t h e  r e s u l t s  o f  t h e s e  i n v e s t i g a t i o n s  p rov ide  an i n t e r e s t i n g  
comparison w i t h  t h e  r e s u l t s  o b t a i n e d  from Equa t ion  ( 5 1 )  f o r  an open-tube 
sys tem.  I t  would be  expec ted  t h a t  some s i m i l a r i t i e s  shou ld  e x i s t  between 
t h e  c l o s e d  sys tem and t h e  open sys tem w i t h  no throughf low.  
CHAPTER V 
RESULTS OF NUMERICAL EVALUATION 
The selection of numerical values for the various parameters in 
the solutions derived for the analytical model was based upon typical 
values for these parameters. encountered in the experimental investigations 
which are summarized in Chapter I. The numerical evaluation of the 
analytical velocity expressions using values for the parameters which 
are within the range of typical experimental values for these parameters 
provided a possibility for a comparison between analytical and observed 
results. A convenient tube length L of four feet was selected. The 
average temperature and pressure of the air which occupies the tube were 
taken as approximately 300°F and one atmosphere, respectively. At this 
temperature the following values for the pertinent air properties are 
given by Kreith (17): 
For a tube with a length of four feet, the fundamental resonant frequency 
w is approximately 865 radians per second. f 
In addition to these fixed parameter values, values for the tube 
radius R, the acoustic harmonic parameter n, the throughflow Reynolds 
number, and the sound pressure level were varied over selected ranges 
to determine the effects of these variable parameters on the velocity 
distribution in the system. The selected values for R were 0.058 ft, 
0.116 ft and 0.174 ft. Values for the Reynolds number of 100, 1000 and 
2000 were considered to be representative of the laminar regime. The 
fundamental, first harmonic, third harmonic and seventh harmonic 
frequencies for the system for which n = 1, 2, 4 and 8, respectively, 
were considered. Finally, sound pressure levels of 14.0 decibels, 
145 decibels, 150 decibels, 155 decibels and 160 decibels were selected 
These values for the designated parameters establish numerically- 
specified examples of the analytical model for which particular numerical 
solutions of the velocity expressions derived in Chapters IIIand IV can 
be computed. The determination of a numerical value for the velocity 
at a particular point (r, z) in the system requires the determination of 
the appropriate velocity expression for this point. Obviously, the 
expression for ( v ~ ) ~  cannot be employed at a point in the system where 
p is not negligible. 
Determination of the domain of the s~ecial case.--The domains of the 
special case of negligible P in the particular systems defined by the 
various combinations of the prescribed numerical values of the system 
parameters were determined by consideration of orders of magnitude. For 
these systems, the minimum value of the expression w / v  occurs when w is 
the fundamental frequency w Thus 
f' 
= W , / V  = 865/(3 x lom4), o~ ("v 'minimum 
6 
("v 'minimum = 2.88 x 10 ftm2 
The condition for negligible P given by Equation (41) prescribes that 
the velocity expression for the special case is applicable at all points 
;r~ the particular systems considered in this study where 
Even larger values of P are negligible in systems operating at frequencies 
greater than the fundamental frequency. 
From an examination of Langhaar's results it is evident that the 
magnitude of /3 for a particular system depends upon the tube radius R and 
the throughflow Reynolds number. Maximum values of axial position in the 
tube beyond which P is negligible can be determined when R and Re are 
specified. As an example of this important fact, when R is 0.058 ft and 
the throughflow Reynolds number is 100, the product of the maximum 
negligible value of P, or Pmax, and R becomes 
From Langhaar's results, which are summarized in the Appendix, this value 
of P R  corresponds to a value of 2z/RRe equal to 0.0038; therefore, the 
value of z corresponding to the prescribed values of R, Re and Pmax is 
0.011 ft, or 0.132 in. Thus, in a tube with a length of four feet, a 
radius of 0.058 ft and a throughflow Reynolds number of 100, the effects 
of fj on V1 are negligible at all values of Z/L greater than 0.011/4, or 
0.0028. Values for z and ( z / L ) ~ ~ ~  beyond which the effects of P on V1 m 
are negligible in a tube four feet long were calculated for various 
values of tube radius and throughflow Reynolds number. The results of 
these calculations are given in Table 1 and Fig. 9. 
Determination of the values of (V ) at r = 0.--The expression for (V ) -- I s - - - - - -  1 s 
at the tube centerline is an adaptation of Equation (51) which can be 




("1)s,o - - 1 cos (nnz /L] . 
=Vw f I 
For all values of R(~I,J~/v)'/~ greater than ten, Equations (44), (53)  
and (55) can be combined to give a sufficiently accurate approximation 
relationship for Mo [~(nw~/v) '1 in the form 
Since the smallest value of R(n~~/v)'/~ resulting from the combination of 
the selected values of R, n, w and v is 
f 
Equations (58) and (59) were combined to give an expression for (V ) 1 s,o 
applicable to the entire range of values selected for the parameters of 
the system. Values of ( v ~ ) ~ , ~  were calculated for various combinations 
of the selected values for R, n and SPL from this expression. The 
calculations were performed by an IBM 650 Digital Computer. The results 
Table  1. R e s u l t s  of  C a l c u l a t i o n s  t o  Determine t h e  Domain 
o f  t h e  S p e c i a l  Case i n  a  Tube F o u r  F e e t  Long 
z i n s  m ' 

of this calculation procedure established the important fact that for the 
selected values of tube radius the term 
in Equation (58) becomes negligible with respect to unity. This can be 
explained by the large value of the exponential term in the numerator of 
Equation (59). The expression for the combination of Equations (58) and 
(59) was then simplified to the form 
vnPr e 
S P L / ~ .  68 
- 
(Vl)S, 0 - - cos (nnz/~) . bw f 
Equation (60) is applicable for all combinations of values for R, n, 
uf and v which make the exponential term in Equation (59) sufficiently 
large. The results of the calculation procedure for the determination 
of ( v ~ ) ~ ,  for the selected values of the various parameters are given 
in Tables 2 through 5 and Figs. 10 through 13. 
Determin.ation of the value of (V ) at any point (r,z).--The deter- 
1 s --------- 
mination of the velocity profile in the domain of the special case 
requires the evaluation of Equation (51). The approximation relation- 
ships expressed in Equations (53) and (55) may be used in the evaluation 
of Equation (51) when the values of r(nwf/v)'l2 and R(nwf/v)1'2 are 
greater than ten. For the selected values of n, w v and R it has 
f' 
already been shown that R(~ILJ~/~)'/~ will be greater than ten. If, in 
addition, values of r no smaller than (0.1)~ are used in the evaluation 
of Equation (51). the values of r(nwf/v)1/2 will also be greater than 
Table 2. Values of (V ) Calculated from Equation (60); n = 1 
1 s,o 
( v ~ ) ~  = ( v ~ ) ~  at Tube Centerline, ft/sec * 
SPL : 140 db 145 db 150 db 155 db 160 db 
Table 3. Values of ( v ~ ) ~ , ~  Calculated from Equation (60); n = 2 
( v ~ ) ~  = ( v ~ ) ~  at Tube Centerline, ft/sec . 










Table  4. Values of ( V  ) C a l c u l a t e d  from Equat ion (60); n = L 
1 s , O  
- 
( v ~ ) ~  - ( v ~ ) ~  a t  Tube C e n t e r l i n e ,  ft/sec 9 
SPL : 140 db 145 db 150 db 155 db 160 db 
Table 5 -  Values of ( v ~ ) ~ , ~  Calculated from Equation (60); n = 8 
( v ~ ) ~  = ( v ~ ) ~  at Tube Centerline, ft/sec I 
SPL : 140 db 145 db 150 db 155 db 160 db 
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Figure 12. Tube Centerline Velocity for the Special Case as a Function of Axial Tube 





ten such that the approximation relationships can be used. 
The most convenient procedure for the determination of (V ) at 1 s 
any point (r,z) provides for the evaluation of the ratio of (V ) at the 1 s 
prescribed point and ( v ~ ) ~ , ~  at the same value of z. This procedure is 
facilitated by the combination of Equations (51) and (60) to yield 
When the approximation relationships Equations (53) and (55) are included 
in Equation (61), the resultant expression is 
Equation (62) was evaluated on an IBM 650 Digital Computer for 
various values of R, n and r. The results of this evaluation procedure 
are given in Tables 6 through 8 and Figs. 14 through 19. 
Determination of the value of (U ) at any point (r,z).--The radial 1 s --------- 
component of velocity at any point in the domain of the special case was 
important in the determination of the velocity vector resultant at a 
point in the system. It is this vector which influences the direction 
of particle displacement in the acoustic field. The results of the 
evaluation of (V ) shown in Figs. 17, 18 and 19 clearly indicate that 1 s 
the velocity profile for ( v ~ ) ~  is uniform across the central 90 per cent 
of the tube radius. The derivation of an expression for (U ) was 1 s 
simplified by using the results of the evaluation.of (V ) The cross-section 1 s' 
Table 6. Calculated Values of (vl )s/(~l)s,O for 
a Tube Radius of 0.058 ft 
Table  7. C a l c u l a t e d  Values o f  ( V  ) s / ( ~ l ) s , O  f o r  
a  Tube Radius o f  0.116 i t  
Table 8. Calculated Values o f  (Vl)s/(~l)s,O f o ~  








r , igure 16. Velocity Profile Without Throughflow at a Point 
in the Domain of the Special Case as a Function 






Figure 17. Velocity Distribution as a Function of Acoustic 
Frequency in the Domain of the Special Case and 
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Figure 18. Velocity Distribution as a Function of Acoustic 
Frequency in the Domain of the Special Case and 






Figure 19. Velocity Distribution as a Function of Acoustic 
Frequency i n  the Domain of the Specia l  Case and 
Without Throughflow; R = 0.174 ft. 
of the tube consists of three major regions. The first of these regions 
includes the principal central portion of the tube in which ( v ~ ) ~  is 
essentially uniform. The second region is the narrow portion of the tube 
within approximately 0.6m.m from the tube wall in which complex changes in 
(V1)s take place. The third region is the tube wall at which be- 
comes zero. Consideration of the first and third regions alone permits 
the determination of simplified expressions for (U ) for the principal 
1 s 
portion of the tube cross-section. 
The continuity equation for the general analytical system can be 
written in a form similar to Equation (I), or 
The combination of Equations ( 2 ) ,  (3) and (63) yields 
uo - avo - - iwt 3 + - + 
ar 
+ + - -  
r a~ (.r y1 :l3 
The left side of this equation is identical with the continuity equation 
for steady flow which can be expressed in the form 
When Equation (65) is substituted into Equation (6L+), the result is an 
expression for the continuity equation in terms of U and V1 in the form 1 
I n  t h e  b u l k  of  t h e  t u b e  c r o s s - s e c t i o n  i d e n t i f i e d  a s  t h e  f i r s t  r eg ion ,  
t h e  e x p r e s s i o n  f o r  ( V  ) g i v e n  i n  Equa t ion  ( 6 0 )  i s  a p p l i c a b l e .  From 1 s  
Equa t ion  (60)  
2 s p ~ / 8 . 6 8  
a ( v l ) s  ,b  - nvx pr e  - 
CI s i n  ( n ~ z / L )  , 
where t h e  s u b s c r i p t  b r e f e r s  t o  t h e  b u l k  of  t h e  t u b e  c r o s s - s e c t i o n .  The 
s u b s t i t u t i o n  o f  Equa t ion  (67)  i n t o  Equa t ion  (66) y i e l d s  
2 s p ~ / 8 . 6 8  
a ( u l ) ~ , b  + ( U 1 ) s , b  - - n v ~  pr e  
q s i n  ( n x z / ~ )  . 
Equa t ion  ( 6 8 )  has  t h e  g e n e r a l  s o l u t i o n  
The i m p o s i t i o n  of t h e  boundary c o n d i t i o n  t h a t  ( U  ) must be  f i n i t e  a t  
1 s , b  
t h e  t u b e  c e n t e r l i n e  r e q u i r e s  t h a t  C = 0.  The f i n a l  e x p r e s s i o n  f o r  
3 
( u ~ ) ~ , ~  becomes 
The r e s u l t s  of  t h e  c a l c u l a t i o n  p rocedure  f o r  t h e  d e t e r m i n a t i o n  of  
( u ~ ) ~ , ~  from Equat ion (70) a r e  g i v e n  i n  Tab les  9 t h r o u g h  12. The 
r a n g e s  o f  t h e  s e l e c t e d  v a l u e s  f o r  t h e  v a r i o u s  pa ramete r s  used i n  t h i s  
c a l c u l a t i o n  p rocedure  a r e  t h e  same a s  t h o s e  s e l e c t e d  f o r  t h e  e v a l u a t i o n  
Table 9. C a l c u l a t e d  Values o f  (u~), i n  a Tube w i t h  
a Radius of  0.058 f t ;  n = 1 
SPL: 
All 
T a b l e  10. C a l c u l a t e d  Values of  ( u ~ ) ~  i l l  a  Tube w i t h  
a  Radius o f  0 .058 f t ;  n  = 8 
SPL: 
A l l  
( c o n t i n u e d )  
Table  10 ( c o n t i n u e d ) .  C a l c u l a t e d  Values of ( u ~ ) ~  i n  a Tube w i t h  
a Radius o f  0.058 f t ;  n = 8 
SPL: 140 db 
A l l  
Table  11. C a l c u l a t e d  Values o f  ( u ~ ) ~  i n  a  Tube w i t h  
a  Radius o f  0 .174 f t ;  n = 1 
SPL: 140 db 145 db 150 db 155 db  160 db 
0  A l l  
7C A l l  
Table  12. C a l c u l a t e d  Values o f  ( u ~ ) ~  i n  a  Tube w i t h  
a Radius o f  0.174 f t ;  n = 8 
SPL: 140 db 145 db 150 d.b 155 db 160 db 
0  A l l  
Tt A l l  
( c o n t i n u e d )  
Table  12  (continued). Calculated Values of (U ) in a Tube with 
1 s a Radius o f  0.174 f t ;  n = 8 
SPL: 140 db 145 db 150 db 155 db 160 db 
of ( v ) ,  the results of which were given in Tables 2 through 5 and 
Figs. 10 through 13. 
In the third region of the tube cross-section at the tube wall, 
the applicable expression for (V ) is Equation (51). When differentiated 1 s 
with respect to z, Equation (51) yields the result 
- (Oo)R} - 1 sin (nnz/~) . 1 
This last expression becomes zero at the tube wall since both 
Mo [r(n~~/v)l/~]/M~ [R(n~~/v)''~] and cos {(o~)~ - (o~)~} reduce to unity. 
As a result, Equation (66) becomes 
Equation (71) has the general solution 
The boundary condition U = 0 at r = R requires that C be identically 1 4 
zero such that Equation (72) reduces to 
which is required of the expression for U 
1' 
Determination of the values of Vo at any point (r,z).--The results of -- ------ 
Langhaar's analytical study provide a rapid method for the evaluation of 
the steady-flow velocity component in the 2-direction for a tube under 
conditions of laminar-flow development. This method requires the 
specification of the throughflow Reynolds number Re, the tube radius R, 
the axial position in the tube z, the radial position in the tube r, and 
the kinematic viscosity of the fluid v. The prescribed values for Re, R 
and z are combined to give a value for the expression 2 z / ~ ~ e .  From this 
value and the results of Langhaar's work given in Fig. 24 in the Appendix 
a corresponding value for PR is obtained. From this value of PR and the 
prescribed values for R and r, an evaluation of the Bessel functions I 
0 
(PR), I2 (PR) and I. (pr) can be obtained from tables such as those 
compiled by Jahnke and Emde (18). The combination of these values for 
the Bessel functions yields an expression for V in the form 
0 
where 
Since Vmo can be evaluated from the prescribed values for Re, R and v, 
the desired value for Vo at a point (r,z) can also be obtained. Tables 
13 through 15 give the results of the numerical evaluation of Vo for a 
tube four feet long through which air is flowing under conditions of 
laminar flow development. Reynolds numbers of 100, 1000 and 2000, and 
tube radii of 0.058 ft, 0.116 ft and 0.174 ft were used to obtain tho 
results given in these tables. 
T a b l e  13. Values of Vo C a l c u l a t e d  by t h e  Method 
of  Langhaar;  Re = 100 
A x i a l  R a d i a l  
P o s i t i o n  P o s i t i o n  Vo,  f t / s e c  
Z/L r / ~  R: 0.058 f t  0.116 f t  0.174 f t  
(Con t inued)  
T a b l e  13 ( c o n t i n u e d ) .  Values of Vo C a l c u l a t e d  by t h e  Method 
o f  Langhaar;  Re = 100 
Axia l  R a d i a l  
P o s i t i o n  P o s i t i o n  vo ,  f t / s e c  
Z/L 4 R: 0.058 f t  0.116 f t  0.174 f t  
Table 14. Values of Vo Calculated by the Method 






T a b l e  14 ( c o n t i n u e d ) .  Values of  Vo C a l c u l a t e d  by t h e  Method 
of  Langhaar;  Re = 1000 
A x i a l  R a d i a l  
P o s i t i o n  P o s i t i o n  vo ,  f t / s e c  
Z/L r / ~  R : 0.058 f t  0.116 f t  0.174 f t  
T a b l e  15. Values of Vo C a l c u l a t e d  by t h e  Method 
of  Langhaar;  Re = 2000 
Axia l  R a d i a l  
P o s i t i o n  P o s i t i o n  v0,  ft/sec 
Z/L r / ~  R: O . 0 5 8 f t  0.116 f t  0.174 f t  
( c o n t i n u e d )  
Table  15 ( c o n t i n u e d ) .  Values of Vo C a l c u l a t e d  by t h e  Method 
of  Langhaar; Re = 2000 
Axia l  
P o s i t i o n  
R a d i a l  
P o s i t i o n  
CHAPTER V T  
DISCUSSION OF RESULTS 
Domain of aoolicabilitv of the special case.--The results given in 
Table 1 and Fig. 9 describe the scope of the domain in the analytical 
system in which the effects of P are negligible in the solution for the 
general case. It can be seen from Fig. 9 that within the laminar-flow 
regime for a tube with a length of four feet and with a radius greater 
than 5 x ft (0.60 in), P is negligible beyond an inlet length of 
3.60 inches. This length decreases with an increase in tube radius or 
a decrease in the throughflow Reynolds number due to the rapidity with 
which the laminar boundary layer develops in pipes at lower values of 
Reynolds number. 
These important results lead to the conclusion that P may be 
neglected in the analytical model for the principal length of the tube. 
This results in the applicability of the simplified solution for the 
velocity profile due to acoustic vibrations provided by Equation (51). 
The evaluation of this equation involves a calculation procedure much 
less time-consuming than that required for the evaluation of the solution 
for the general case in which P cannot be neglected. 
The fact that P becomes negligible in the expression for V L  
has practical significance in that V1 becomes independent of Vo and all 
throughflow effects in the domain where P is negligible. This establishes 
the applicability of Equation (51' '.n the determination of the velocity 
profile in a resonant tube in the absence of throughflow. Under these 
conditions, the domain of the special case includes the entire system 
except for a very small region at the tube inlet. As a result of this 
fact, the solution for the general case was not evaluated in this study. 
Velocity effects due to sound in the absence of throuqhf1ow.--The fact 
that the acoustically-resonant closed tube has received much greater 
analytical and experimental treatment than has the open tube was d.is- 
cussed in Chapter I. The open-tube and closed-tube systems differ in 
th.eir analysis under conditions of resonance due principally to the 
difference in the values of Z/L at which velocity loops and nodes exist. 
The physical location of these loops and nodes in the open tube was 
described in Chapter 111. In the closed tube, both ends of the tube 
are velocity nodes, and velocity loops are spaced at a distance of ~ / 4  
between successive nodes. Under conditions when the acoustic fields 
in the tubes are produced by progressive waves instead of by standing 
waves as in the case of resonance, the analytical treatments for the 
closed-tube and open-tube systems should be similar. 
The resonance restriction was imposed upon the procedure for  he 
derivation of Equation (51) by the conditions included in Equation (9). 
This restriction resulted in the periodic variation of (V 1 ) s,O with z 
shown in Figs. 10 through 13. The amplitudes or absolute values of 
these velocity variations can be obtained by replacing the term cos 
(n~z/~) by unity in Equation (60). When this absolute value for 
( v ~ ) ~ , ~  is included in Equation (61), the resonance restriction becomes 
removed from the velocity profiles given in Figs. 14 through 19. This 
permits a comparison between the analytical results given in these 
figures and the experimental and analytical results reported by Meyer and 
f1 
Guth (4) for a closed tube in which progressive waves of similar frequencies 
were established. A comparison is given in Fig. 20 between the analytical 
results calculated from Equation (61) at a frequency of 137 cycles per 
second for tube radii of 0.058 ft and 0.116 ft with results reported by 
I f  
Meyer and Guth for 60 and 100 cycles per second. The agreement between 
the experimental and the analytical values for the thickness of the 
boundary layer due to acoustic vibrations is excellent. This agreement 
indicates that the restrictions employed in the development of the analyt- 
ical model can also be applied to the model for the practical system 
without the introduction of serious errors. Experimental data for 
higher frequencies were not available for a comparison with the other 
analytical results given in Figs. 14 through 19. 
The values for (V ) provided by Figs. 10 through 19 and the values 
1 s 
for ( u ~ ) ~  given in Tables 9 through 12 can be combined to yield an 
interpretation of the instantaneous velocity effects which take place 
in the system in the absence of throughflow. The instantaneous direction 
and magnitude of the resultant velocity vector at any point (r,z) in the 
system are determined by the direction and magnitude of the corresponding 
axial and radial velocity components (V ) and ( u ~ ) ~ ,  respectively, at 1 s 
that instant. A qualitative analysis of the effects of ( v ~ ) ~  and ( u ~ ) ~  
on the resultant velocity vector can be obtained from a consideration of 
the general characteristics of the velocity conponents indicated by 
Figs. 10 through 19 and Tables 9 through 12. 
The general behaviour of (V ) is a periodic variation with respect 1 s 
to axial position with maximum effects taking place at values of 
I 1 1 - 
SYMBOL SOURCE 
o CALCULATED FROM EQUATION (62); 
R = 0.058 FT, FREQUENCY = 137 cps 
CALCULATED FROM EQUATION (62); - 
R = 0.116 FT, FREQUENCY = 137 cps 
DATA OF MEY ER AND GUTH (4); 
FREQUENCY = 60 cps 
DATA OF MEYER AND G ~ T H  (4); 
- FREQUENCY = 100 cps 
0 - - 
- 
Figure 2 0 .  Comparison Between Analytical and Experimental 
Velocity Profiles Due to Acoustic Vibrations. 
cos  ( n x z / ~ )  e q u a l  t o  p o s i t i v e  and n e g a t i v e  u n i t y ,  b u t  w i t h  no e f f e c t s  a t  
v a l u e s  of  cos  ( n n z / ~ )  e q u a l  t o  z e r o .  The v a r i a t i o n  of ( v ~ ) ~  w i t h  r e s p e c t  
t o  r a d i a l  p o s i t i o n  i s  e s s e n t i a l l y  n e g l i g i b l e  excep t  i n  a  r e g i o n  v e r y  
n e a r  t h e  tube  w a l l .  I n c r e a s e s  i n  t h e  f requency  of  t h e  a c o u s t i c  d i s -  
t u r b a n c e  i n c r e a s e  t h e  number of nodes and loops  and d e c r e a s e  t h e  s p a c i n g  
between s u c c e s s i v e  nodes and l o o p s ;  however, t h e  magnitude of ( v ~ ) ~  i s  
n o t  changed by t h e s e  i n c r e a s e s  i n  n  e x c e p t  i n  t h e  r e g i o n  n e a r  t h e  t u b e  
w a l l .  I n c r e a s e s  i n  t h e  sound p r e s s u r e  l e v e l  of  t h e  a c o u s t i c  f i e l d  
produce l a r g e  i n c r e a s e s  i n  t h e  magnitude of  ( V  ) 
1 s *  
The v a r i a t i o n  of ( U  ) i s  p e r i o d i c  w i t h  r e s p e c t  t o  a x i a l  p o s i t i o n  
1 s 
w i t h  maximum e f f e c t s  t a k i n g  p l a c e  a t  v a l u e s  of s i n  ( n T z / ~ )  e q u a l  t o  
p s o i t i v e  and n e g a t i v e  u n i t y ,  b u t  w i t h  no e f f e c t s  a t  v a l u e s  of  s i n  ( n ~ z / ~ )  
e q u a l  t o  z e r o .  T h e r e f o r e ,  ( u ~ ) ~  i s  90 d e g r e e s  o u t  of  phase  w i t h  ( V  ) 
1 s  
such  t h a t  maximum e f f e c t s  due t o  ( U  ) t a k e  p l a c e  where ( v ~ ) ~  = 0. The 1 s 
magni tude of ( U  ) a l s o  v a r i e s  w i t h  r e s p e c t  t o  r a d i a l  p o s i t i o n .  A t  t h e  
1 s  
t u b e  c e n t e r l i n e  and a t  t h e  tube  w a l l ,  ( u ~ ) ~  i s  z e r o ,  b u t  between t h e s e  
p o i n t s  ( U  ) i n c r e a s e s  w i t h  i n c r e a s i n g  r u n t i l  t h e  narrow r e g i o n  n e a r  1 s 
t h e  t u b e  w a l l  i s  encoun te red .  Tab les  9 t h r o u g h  12  f u r t h e r  i n d i c a t e  t h a t  
( u ~ ) ~  i n c r e a s e s  g r e a t l y  w i t h  i n c r e a s e s  i n  a c o u s t i c  f r equency  and sound 
p r e s s u r e  l e v e l .  The maximum v a l u e s  g i v e n  f o r  (U ) i n  t h e s e  t a b l e s  a r e  
1 s  
n o t  a s  g r e a t  a s  t h e  maximum v a l u e s  o b t a i n e d  f o r  ( V  ) under  t h e  same 
1 s 
c o n d i t i o n s  of f r equency  and sound p r e s s u r e  l e v e l .  
The combinat ion o f  t h e s e  g e n e r a l  e f f e c t s  i n d i c a t e s  t h a t  f o r  a  t u b e  
w i t h  a  g i v e n  l e n g t h  and r a d i u s  an i n c r e a s e  i n  sound p r e s s u r e  l e v e l  
i n c r e a s e s  b o t h  t h e  a x i a l  and r a d i a l  v e l o c i t y  components. An i n c r e a s e  
i n  t h e  f requency  of t h e  a c o u s t i c  d i s t u r b a n c e  i n c r e a s e s  t h e  number of  
locations along the length of the tube at which maximum and minimum effects 
due to ( v ~ ) ~  and ( u ~ ) ~  are produced. These increases in frequency do not 
increase the magnitude of (V ) but they do increase (u~)~. In a 1 s,o 
similar manner, for the range of values of tube radii included in the 
evaluations in Chapter V, increases in R produced increases in (U ) but 1 s 
did not affect (V ) 
1 s,O' These general effects indicate that the influence 
of (U ) on the resultant velocity vector at a point increases with an 1 s 
increase in frequency and tube radius. A schematic representation of 
the instantaneous trends in the direction and magnitude of the radial 
and axial velocity components and the resultant velocity vector at a point 
in the tube is shown in Fig. 21. 
A review of the results of Jackson and Johnson (3) which were 
discussed in Chapter I provides an interesting comparison with these 
general trends predicted by the analytical model. These investigators 
obtained flow patterns with smoke over a wide range of resonant fre- 
quencies in closed tubes of various diameters. The geometrical arrange- 
ment of these circulatory flow patterns was observed to be greatly 
dependent upon the tube radius and the frequency of the resonant field. 
In tubes having snall diameters the flow cells were axially directed and 
symmetrical with respect to the tube axis at lower frequencies. At 
higher frequencies the cells shifted to a radial orientation with less 
axial symmetry. In tubes of larger diameter only the cells with the 
radial orientation could be produced. Photographs of these effects are 
shown in Figs. 3 and 4. 
Combined velocitv effects due to sound and throuqhf1ow.--The combina- 
tion of the values calculated for (V ) and V results in an evaluation 
1 s 0 
NODE LOOP NODE 
Figure 21. Schematic Representation of the Instantaneous 
Velocity Vectors Due to Acoustic Vibrations 
in a System Without Throughflow. 
o f  t h e  t o t a l  i n s t a n t a n e o u s  v e l o c i t y  component i n  t h e  a x i a l  d i r e c t i o n .  
The r e s u l t s  o f  t y p i c a l  combina t ions  o f  t h e s e  v a l u e s  a r e  shown i n  F i g s .  
22  and 23. I n  b o t h  o f  t h e s e  f i g u r e s  t h e  r a d i u s  of  t h e  t u b e  i s  0 .116  f t ,  
t h e  f r e q u e n c y  i s  t h e  f i r s t  harmonic r e s o n a n t  f r e q u e n c y  f o r  a  t u b e  f o u r  
f e e t  l o n g ,  and t h e  sound p r e s s u r e  l e v e l  i s  160  d e c i b e l s .  I n  F i g .  22 ,  
a  low Reynolds  number o f  100 i s  d e s i g n a t e d .  A t  t h i s  Reynolds  number t h e  
l a m i n a r  boundary  l a y e r  would n o r m a l l y  d e v e l o p  r a p i d l y  t o  y i e l d  a  p a r a b o l i c  
v e l o c i t y  p r o f i l e  i n  t h e  a b s e n c e  o f  a  r e s o n a n t  a c o u s t i c  f i e l d .  I n  t h e  
c a s e  d e p i c t e d ,  however,  t h e  v a l u e  o f  ( v ~ ) ~  i s  l a r g e  w i t h  r e s p e c t  t o  Vo 
a t  v e l o c i t y  l o o p s  and i s  t h e  c o n t r o l l i n g  f a c t o r  i n  t h e  d e t e r m i n a t i o n  o f  
t h e  r e s u l t a n t  a x i a l  v e l o c i t y  v e c t o r  a t  t h e s e  p o i n t s .  A t  t h e  v e l o c i t y  
n o d e s ,  ( v ~ ) ~  i s  z e r o  and t h e  v e l o c i t y  p r o f i l e  i s  t h e  same a s  t h a t  produced 
a t  t h e s e  a x i a l  p o s i t i o n s  i n  t h e  a b s e n c e  of  a c o u s t i c a l  e f f e c t s .  The p e r i -  
o d i c  v a r i a t i o n  o f  t h e  v e l o c i t y  e f f e c t s  due  t o  a c o u s t i c  v i b r a t i o n s  w i t h  
r e s p e c t  t o  t i m e  and a x i a l  p o s i t i o n  p r o d u c e s  t h e  v a r i o u s  changes  i n  t h e  
magn i tude  and d i r e c t i o n  o f  t h e  v e l o c i t y  p r o f i l e s  shown i n  F i g .  22. 
I n  F i g .  23, a h i g h e r  Reynolds number o f  1000 i s  p r e s c r i b e d .  A t  
t h i s  Reynolds  number t h e  normal  bounda ry - l aye r  development  i s  s l o w e r  
b u t  t h e  v a l u e s  o f  V a t  a  p o i n t  a r e  l a r g e r .  The v a l u e s  o f  ( v ~ ) ~  a r e  n o t  
0 
l a r g e  enough t o  c a u s e  t h e  r e v e r s a l s  i n  f l o w  d i r e c t i o n  shown i n  F i g .  2 2 ;  
however,  t h e y  a r e  l a r g e  enough t o  a f f e c t  t h e  s h a p e  o f  t h e  v e l o c i t y  
p r o f i l e s .  A s  i n  t h e  c a s e  shown i n  F i g .  22 ,  no e f f e c t s  a r e  p roduced  on 
t h e  normal  v e l o c i t y  p r o f i l e s  a t  t h e  v e l o c i t y  n o d e s ;  however,  e f f e c t s  
which a r e  p e r i o d i c  w i t h  r e s p e c t  t o  a x i a l  p o s i t i o n  and t i m e  a r e  pro-  
duced a t  a l l  o t h e r  a x i a l  l o c a t i o n s .  
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Figure 22. Representation of Instantaneous Velocity Profiles Due to the Effects 
of Resonant Acoustic Vibrations and Throughflow in a Tube; R = 0.116 
ft, Re = 100, n = 2, and SPL = 160 db. 
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The general trends indicated by combinations of this type provide 
a qualitative basis for comparison with results of experimental investi- 
gations. One of the trends indicated in Figs. 22 and 23 is the periodic 
increase and decrease in the thickness of the normal boundary layer which 
would develop in the absence of acoustical effects. The greatest changes 
in the normal boundary-layer thickness occur at velocity loops. At 
velocity nodes, no changes are produced. A second trend is the effer.t of 
frequency on the resultant velocity profiles. A change of frequency 
would not affect the magnitude of (V ) but would alter the locations a~ 
1 s 
which minimum and maximum combined effects are produced. Finally, any 
decrease in the sound pressure level would produce a decrease in the 
magnitude of (V ) This predicts that below a particular llthresholdtt 1 s* 
sound pressure level the effects of (V ) on the velocity profiles in the 
1 s 
tube would be insignificant. This lfthresholdv sound pressure level would 
necessarily depend upon the values of V which are dependent upon the 
0 
value of the throughflow Reynolds number for the system. All of these 
trends predicted by the analytical model for the system with throughflow 
have been observed experimentally by Jackson, Harrison and Boteler (lo), 
Spurlock, et al. (ll), and Jackson, et al. (12). 
CHAPTER VII 
CONCLUSIONS AND RECOMMENDATICNS 
An a n a l y t i c a l  model f o r  t h e  e f f e c t s  o f  r e s o n a n t  a c o u s t i c  v i b r a -  
t i o n s  on a i r  i n  a n  open h o r i z o n t a l  t u b e  h a s  been p r e s e n t e d .  S o l u t i o n s  
t o  t h i s  model were d e r i v e d  f o r  c a s e s  w i t h  and w i t h o u t  th roughf low e f f e c t s .  
The s o l u t i o n  which i n c l u d e s  t h e  e f f e c t s  of  th roughf low was based  upon t h e  
assumpt ion t h a t  laminar- f low development p r e v a i l s  i n  t h e  a n a l y t i c a l  sys tem.  
The f o l l o w i n g  c o n c l u s i o n s  r e s u l t e d  from t h i s  s t u d y :  
1. The r e s o n a n t  a c o u s t i c a l  e f f e c t s  on t h e  a i r  v e l o c i t y  i n  t h e  
a n a l y t i c a l  sys tem a r e  n o t  dependent  upon t h e  th roughf low e f f e c t s  over  t h e  
e n t i r e  t u b e  l e n g t h  e x c e p t  f o r  a  s m a l l  r e g i o n  a t  t h e  t u b e  i n l e t .  
2. The a b s o l u t e  v a l u e s  of t h e  v e l o c i t y  p r o f i l e s  c a l c u l a t e d  from 
t h e  s o l u t i o n  o f  t h e  a n a l y t i c a l  model f o r  t h e  c a s e  w i t h o u t  th roughf low 
e f f e c t s  g i v e  good agreement w i t h  e x p e r i m e n t a l  d a t a  o b t a i n e d  f o r  p r o g r e s s i v ~  
sound waves of  approx imate ly  t h e  same f requency i n  t h e  r e g i o n  of  a  s o l i d  
boundary.  
3 .  The i n s t a n t a n e o u s  d i r e c t i o n s  and magni tudes  of t h e  r e s u l t a n t  
o f  t h e  r a d i a l  and a x i a l  v e l o c i t y  components due t o  a c o u s t i c a l  e f f e c t s  
i n  t h e  a n a l y t i c a l  sys tem a r e  g r e a t l y  i n f l u e n c e d  by t h e  v a l u e s  of  t h e  
t u b e  r a d i u s  and t h e  f requency  of  t h e  a c o u s t i c  d i s t u r b a n c e .  Over t h e  
r a n g e  of  v a l u e s  i n c l u d e d  i n  t h i s  i n v e s t i g a t i o n ,  i n c r e a s e s  i n  e i t h e r  o r  
b o t h  of  t h e s e  pa ramete r s  r e s u l t e d  i n  a  g r e a t e r  i n f l u e n c e  on t h e  r e s u l t a n t  
v e c t o r  by t h e  r a d i a l  v e l o c i t y  component. 
4. The solution to the analytical model for the system with 
throughflow predicts an instantaneous acoustic effect on the normal 
laminar boundary-layer development which is periodic with respect to 
axial position in the system. There are no effects at the tube inlet 
and at velocity nodes, whereas maximum effects occur at velocity loops 
other than the tube inlet. 
It is recommended that further investigations involving experimental 
as well as additional analytical studies be conducted. The following 
studies are suggested: 
1. Additional analytical development should be undertaken to 
yield an expression for the mean velocity effects due to acoustic 
vibrations over an entire vibration period. An expression of this type 
could then be incorporated into the appropriate rate equation to yield 
expressions for the effects of resonant acoustic vibrations en transport 
rates. 
2. Additional flow visualization studies should be conducted 
to provide more experimental observations of the effects of acoustic 
vibrations on boundary-layer development. The previous investigations 
which studied the velocity profiles due to acoustic vibrations in the 
region of a solid surface should be continued to provide data for higher 
frequencies and sound pressure levels. 
APPENDIX 
SUMMARY OF LANGHAAR ' S RESULTS 
Langhaar (13) obtained an expression for the determination of 
velocity profiles due to laminar-flow development in the entrance length 
of tubes. This expression was employed in the evaluation of the steady- 
flow velocity component in the axial direction, Vo, in Chapter V. In 
addition, the development employed by Langhaar in the derivation of this 
expression for V provided the basis for the technique employed in 
0 
Chapter I1 to linearize the z-component of the Navier-Stokes equations 
of motion. A summary of the development used by Langhaar and the results 
of this development provide a better understanding of the method by which 
V was evaluated in Chapter V. 
0 
Langhaar employed the approximation 
to reduce the z-component of the Navier-Stokes equations of motion in 
cylindrical coordinates for steady flow to the form 
Equation (73) applies to a system in which the density and viscosity of 
the fluid in the system are constant, the effects of gravity are 
2 2 
negligible and axial symmetry exists. It was assumed that a vo/az is 
negligible in the z-component of the equations of motion. Finally, the 
expression 8P / a z  was considered to be a function of z alone. These 
0 
restrictions yield a general solution to Equation (73) which consists of 
the solution to the complementary equation 
and the particular solution 
where 
Equation (74) has the form of the modified Bessel equation of the 
first kind of zero order. The only solution to Equation (74) which is 
finite when r = 0, as required by the physical system is 
vo = C1I0 (pr) 
The general solution to Equation (73) then becomes 
The substitution of the boundary condition that V = 0 when r = R into 
0 
Equation (76) yields 
c ~ I ~ ( ~ R )  - ao/pL (77) 
The continuity equation for steady flow can be written in the form 
where 
The combinat ion of  Equa t ions  (76)  and ( 7 8 )  y i e l d s  t h e  e x p r e s s i o n  
which becomes 
The s imul taneous  s o l u t i o n  of Equa t ions  ( 7 7 )  and (79) y i e l d s  
e x p r e s s i o n s  f o r  t h e  c o n s t a n t s  C1 and a. i n  t h e  forms 
The combina t ion  of Equa t ions  ( 7 6 ) ,  ( 8 0 )  and ( 8 1 )  g i v e s  t h e  e x p r e s s i o n  
which reduces to 
The remainder of Langhaar's development yielded an expression for 
fJ as a function of z. This expression was numerically evaluated to give 
the results shown in Fig. 24. These results can then be incorporated 
into Equation (82) to provide a method for the evaluation of the velocity 
profiles due to the steady-state development of laminar flow in the 
entrance length of a tube. 
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